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Scars of Symmetries in Quantum Chaos
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The hydrogen atom in a magnetic field is a classically chaotic Hamiltonian system. The energy-level
fluctuations have been shown recently to obey a random-matrix model. Here we go beyond the statisti-
cal analysis by studying the destruction of the low-field dynamical symmetries. We especially establish
the existence of scars of symmetries in the chaotic regime. The symmetry properties are no longer asso-
ciated with one given level, but fractalized onto clusters of levels, generating a long-range order.

PACS numbers: 32.60.+i, 05.45.+b, 32.80.—t

What is the quantum counterpart of classical chaos in
a Hamiltonian system? Recently, numerical studies on
simple systems'~7 have confirmed the conjecture that the
statistical properties of the energy levels obey the predic-
tions of the Gaussian orthogonal ensemble (GOE) of
random matrices. '»?

But a random-matrix approach cannot describe any
property of a Hamiltonian system. This is especially re-
vealed on a simple atomic physics system: the hydrogen
atom in a magnetic field. Numerical®~® and experimen-
tal'? studies have shown that nongeneric features do ex-
ist in this system, especially the existence of a long-range
order associated with classical periodic orbits. We here
establish this point from a quantum point of view by
studying the destruction of the dynamical symmetries of
the system.

The Hamiltonian of the hydrogen atom in a magnetic

field is (in atomic units) !
H=p*2—1/r+(y/2) L+ (*/8) (x2+p?), m

where y=B/B, is the reduced magnetic field along z

{Sz(a) 4 Tz(a) + ;_ 72a4(Sz(”) + Sx(a)) (Tz(tz) + Tx(a))(Sz(a) +Sx(a) + Tz(a) + Tx(a)) . a} l ) =0,

with a=(—2E) 2, From Eq. (2), the zero-field eigen-
states of the hydrogen atom are eigenstates of S @
+ T, with eigenvalue n, the principal quantum num-
ber. Several choices of basis are then possible.!! Among
them, three are of special interest:

(1) The parabolic basis. The eigenstates are eigen-
functions of both Sz(“) and Tz(“). They separate in semi-
parabolic coordinates. The eigenstates are labeled with
the parabolic quantum numbers #; and n, (with n=n,
+n+ | M| +1).

(2) The spherical basis associated with the standard
coupling of S and T,

U(a) =.S(tz) +T(a).

The eizgenstatgs are 2e:igenfunctions of U and U2
=Uz(“) —Ux(") —Uy(“) =L2 The wave functions sepa-
rate in spherical coordinates and are of the usual (n/M)
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axis (B, =2.35%10° T).
L, and parity are constants of the motion. We shall

limit our discussion to L, =M =0, even-parity states, but

similar conclusions can be reached for other series.

This system is equivalent to a pair of coupled harmon-
ic oscillators!! which can be studied with group theoreti-
cal techniques. This is conveniently done by introduction
of the Coulomb dynamical group (also called noninvari-
ance group) SO(2,2) whose six generators S (@ =(§{®,
Sy(”),Sz("‘)) and T®@ =(TJC("’),T},(“), T) are defined by (a
is a positive adjustable parameter)

o M, 1,

S = 4 L_a_
3#2 u a‘u 'u2

o
X,z
4

S\ =4i(1+p8/du),

and the same definition for T with the interchange
u—v. (u,v) are the semiparabolic coordinates:
u,v=_0+z)172

Schrédinger’s equation H | ¥)=FE | ¥) expressed as a
pure algebraic form as a function of S and T is!!

2

type.
(3) The A-type basis associated with the nonstandard
coupling

Vx(a) _ — Sx(a) + Tx(a)’ Vy(a) — _Sy(a) + Ty(a),

Vz(a) =Sz(a) + Tz(a).

The eigenstates are eigenfunctions of ¥ ® and V2
=Vz(")2—V,§“)2—Vy(“)z=3\,2, where A in the »n shell
reduces to a nonstandard angular momentum 12 built
from the components of L and A (the Runge-Lenz vec-
tor), namely A=(A4,4,,L;). The eigenstates are la-
beled with (n,M) and an integer A ranging from 0 to
n—1.

Though they are equivalent descriptions of the
Coulomb problem, these three types of bases have very
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different symmetry properties. Herrick!? first showed
the usefulness of the A type and parabolic bases for
describing the eigenstates of the hydrogen atom in a
magnetic field.

In the low-field limit (inter-/ mixing regime when
different multiplets are not mixed), the hydrogenic mul-
tiplet presents a rovibrational structure as illustrated in
Fig. 1. The upper states of the multiplet have an approx-
imate rotational symmetry described by the A-type basis
and are localized near the z=0 plane perpendicular to
the field B. The overlapping between the upper state and
the A=n—1 state of the A-type basis is 0.998 (for
n>>1). In turn, the lower states of the multiplet present
an approximate vibrational symmetry described by the
parabolic basis and are localized near the z axis. The
overlapping between the lower state and the (convenient-
ly symmetrized) n; =0 state is about 0.85. In between
these two limiting cases, there is a crossover in the sym-
metries!? leading to some irregularity in the level spac-
ings (see Fig. 1).

The classical dynamics of the system (or its oscillator
representation) depends on the coupling parameter
B=7*(—2E)3 (or on the scaled energy’ Ey %3
= —$B73). The motion is regular for B<0.8, of
mixed regular-chaotic type in the interval (0.8,60.638),
and completely chaotic above.®!* By “completely” we
mean that the volume of confining tori in phase space is
smaller than 10 73,

The spectrum and eigenfunctions of the Hamiltonian
H are efficiently calculated by use of Eq. (2) and numer-
ical diagonalization.*~7

A good indication of how exact the low-field approxi-
mate symmetries remain is to plot the squared projec-
tions of the computed eigenstates onto a subspace of
well-defined symmetry (rotational or vibrational),
against the effective principal quantum number
e=(—2E) ~VY2 This produces a stick spectrum which
contains as many lines as the number of eigenstates. In
the low-field limit, most of them are vanishingly small as
a consequence of the nearly exact character of the sym-
metries and do not appear in the figures.

Figure 2 refers to projections onto the subspace

E‘:lergy -
rotational
symmetry

Cross-over
vibrational
symmetry

FIG. 1. Diamagnetic multiplet (n =36, M =0, even parity).
The upper states have an approximate rotational symmetry.
The lower states have an approximate vibrational symmetry.
In between, there is a crossover in the symmetries.
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spanned with the A=n —1 rotational-type states. At
moderate field strengths [Fig. 2(a)],'* one line with
height 0.998 is dominant, associated with the upper state
of the diamagnetic multiplet. This clearly indicates that
the rotational symmetry remains valid even in the
strong-mixing regime, as previously noticed. !!

At higher field [E/y= —2.311—see Fig. 2(b)], a new
phenomenon is displayed. Many new lines are bursting
out in the stick spectrum near ¢ =36 (value =60 of the
coupling parameter) which indicates that the rotational
symmetry breaks down. The value precisely corresponds
to the destruction of the last classical invariant tori'?
with rotational symmetry (located near Z==0). Howev-
er, above € =36, the patterns are still regular. Instead of
being concentrated on one level of each multiplet with
height nearly unity, the symmetry is redistributed onto
clusters of levels, each sharing some part of the initial
symmetry.

The average positions of the clusters are regularly dis-
tributed in continuity with the individual dominant lines
of the regular regime and are approximately obeying the
semiclassical predictions for z =0 '3 (quasi-Landau reso-
nances). This finally justifies the diabatic picture of the
building of the quasi-Landau spectrum previously used
in the interpretation of the experimental spectra. In
each cluster, the individual positions and heights of the
lines are irregular: The rotational symmetry may be
concentrated on one dominant line (e.g., near ¢=62.2)
or equally redistributed over several lines (near ¢

!
A e

FIG. 2. Squared projections of the eigenstates of the hydro-
gen atom in magnetic field onto the rotational subspace

‘A=n—1. The Héights of the lines measure the fraction of ro-

tational symmetry carried by the eigenstates. (a) Calculated
spectrum for E/y= —8.678 (moderate field strength). The ir-
regularity near ¢=20 is due to accidental quasidegeneracy.
(b) Calculated spectrum for E/y=—2.311 (high field
strength). The arrow indicates the classical transition to
chaos. The clustering of levels above ¢==36 indicates the scar
of the rotational symmetry.
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=59.1).

The same phenomenon occurs for the vibrational sym-
metry (Fig. 3). Here, the eigenstates are projected onto
the subspace with parabolic quantum number n; =0. At
moderate field strengths [E/y = —8.768, same as in Fig.
2(a)], there is one dominant line associated with the
lower state of each multiplet. The symmetry remains
valid to better than 85% up to ¢=30 where it breaks
down. This corresponds to the destruction of the classi-
cal invariant tori with vibrational symmetry (essentially
localized near the z axis) near $=3.'> Above =30, the
fractalization and clustering of the vibrational symmetry
onto several states is exhibited. This phenomenon ex-
tends far into the chaotic regime as can be seen on Fig.
3(b) obtained at higher field (E/y=—2.311). The
average positions of the clusters are approximately given
by the semiclassical quantization along the z axis. The
spacings between vibrational and rotational clusters are
very different [compare Figs. 2(b) and 3(b)l.

The region > 36 in Figs. 2(b) and 3(b) corresponds
to a completely chaotic classical motion. The energy-
level fluctuations are then described by a random-matrix
theory (Wigner distribution of the energy-level spac-
ings®>~7). In spite of this, there exist scars of the
Coulomb symmetries extending far into the chaotic re-
gime. Moreover, one given spectrum contains scars of
both limiting symmetries.

These features have experimental consequences. As
optical excitation is a process which does not comply
with the internal symmetries of the system!?% both
rotational- and vibrational-type states are excited. Ex-
perimental spectra will then exhibit the two types of
clusters though entangled, and their Fourier transforms
will be peaked at the various cluster spacings. For

Yl
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FIG. 3. Squared projections of the eigenstates onto the vi-
brational subspace n1=0. (a) E/y=—8.678. The arrow indi-
cates the classical transition to chaos for the vibrational sym-
metry. The clustering of levels above ¢=30 indicates the scar
of the vibrational symmetry. (b) E/y=—2.311.

checking this point, we calculate the M =0, even-parity
spectrum of hydrogen in a field of 8 T (y=3.4%1077),
in the energy range (—132+44 cm ~')."® The classical
dynamics is completely chaotic above —29 cm ~!. The
squared projections of the eigenstates onto the A =n—1
rotational subspace, displayed in Fig. 4(a), clearly show
the partial breaking of the symmetry and its clustering in
the chaotic region. The cluster spacing is 3 y= 3% A w, at
E =0, indicating that they correspond to the usual
quasi-Landau features of the spectrum. Figure 4(b)
shows the simulated experimental spectrum as it will
look under optical excitation from the (2p, M=—1)
state in experimental conditions.'® Clustering is still
present, but weakened. The [.5A®. spacing can be
rediscovered if we make a Fourier transform. With the
assumption of a finite resolution (modeled through con-
volution with a Gaussian curve), the short-range irregu-
lar behavior is smoothed out and the spectrum looks reg-
ular [see Fig. 4(c)].

The character of the modulations thus actually reflects
the global properties of the eigenstates which do exhibit
scars of the symmetries. In particular, this leads to a
remnant of localization near the origin which character
compares with the scars earlier found by Heller in bil-
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FIG. 4. Simulation of the M =0, even-parity spectrum of
the hydrogen atom in a field of 8 T (y=3.4%1075) between
—132 and 44 cm ~!. The arrow indicates the transition to com-
plete chaos (—29 cm™!). (a) Squared projections onto the
A=n—1 subspace. (b) Oscillator strength from the (2p, M
= —1) state (infinite resolution). (c) Same than (b), with a
resolution 2x10 75 a.u. (4 cm ~!). The spectrum looks regular
and the chaotic behavior is smoothed out.
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liards.!'® But our present approach aims at a more gen-
eral understanding of the phenomenon, not relying on
spatial properties of eigenfunctions or classical periodic
orbits.

This can be exemplified as follows: For odd z-parity
states, the scar of the rotational symmetry is responsible
for the usual quasi-Landau modulation of the spectrum
at 3 hw, (more clearly seen on the even z-parity spec-
trum). This is actually seen on theoretical simulations
but surprising if considered from the periodic orbit
analysis as the wave function identically vanishes on the
z=0 orbit.’

Laboratoire de Spectroscopie Hertzienne de I’Ecole
Normale Supérieure is Unité Associé No. 18 au Centre
National de la Recherche Scientifique.
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