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Abstract. For P slates of helium we formulate a SchrMingerequation in perimelric mordinates. 
in which the rotational coupling is already prediagonalized. Expansions in nearamplete 
basis sets and complex scaling techniques allows the determination of highly accurate ab inirio 
parameters for doubly excited r e ~ n a n t  slates a?d photo cross sections. The results are m 
excellent agreement with recent highquality experimental data. 

The helium atom is the simplest atom for which an analytic solution of the Schrodinger 
equation is impossible. With its two valence elect", it serves as the prototype system 
for the study of electron correlations in neutral atoms. Because of its formal simplicity, 
it is the focus of current interest, both experimentally (see Domke et a1 1991, 1992 and 
references therein) and theoretically (Fano 1983, Hemck 1983, Rost and Briggs 1991, Ezra 
et d 1991). Moreover, the classical dynamics of this three-body problem is known to be 
mainly ergodic. A major open problem is to understand the'consequences on the quantum 
properties of the system when the two electrons are simultaneously highly excited. 

This spektral region of high excitations of bdth electrons is of particul+r interest and 
is characterized by many open decay channels and a high density of autoionizing resonant 
states. After the initial pioneering experiment by Madden and Codling (1963) and its 
theoretical interpretation (Cooper et a1 1963), it took nekly' three decades until highly 
improved experimenfal data became available (Domke et a1 1991, 1992). The theoretical 
understanding has also improved in recent years and several sets of approximate quantum 
numbers are now available to describe certain states (Hemck 1983, Rost and Briggs 1991, 
Lin 1984, Richter et ai 1992). Nevertheless, highly accurate calculation of resonance 
parameters and cross sections is still a formidable task and the high quality of the latest 
experiments (Domke et al 1992) challenges the theory to calculate adequate~cross sections 
for comparisons. 

It is the aim of this paper to present such calculations which became possible by merging 
recent theoretical and computational developments (Richter et a1 1992, Delande et a1 1991) 
as.described below. With the new techniques at'hand, we are able to compute relevant 
resonance parameters nearly routinely with an accuracy which is several orders of magnitude 
better in cases where published data are available. The present results not only signal a 
computational development, they also uncover physical effects hitherto unidentified in data 
analyses, e.g. avoided crossings and interactions of Rydberg series converging to the same 
threshold. 
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The non-relativistic Hamiltonian of the helium atom with nuclear charge 2 = 2 is given 
by (atomic units used) 

The electron positions are given by rj, j = 1.2 and the distance between the electrons is  
r12. For simplicity of notation, we set the nuclear mass in (1) to infinity, but the corrections 
due to mass polarization terms are straightforwad to incorporate in the theory outlined 
below. The conclusions drawn from the present results for infinite mass remain valid for 
finite mass M typical of nuclei, and the energies (and total decay widths) are only affected 
to order of 1/M. The total angular momentum L is conserved and its separation from the 
equations of motion reduces the number of degrees of freedom from six to four. Expressing 
the Jacobi coordinates R = TI - rz, r = $(TI + PZ) in spherical R = ( R ,  0, and 
cylindrical T = (p, <. 9) coordinates respectively, the total two-electron wavefunction is 
given by 

The rigid top wavefunctions D i T  describe the overall rotation of the three-body complex 
(Brink and Satchler 1968) and are eigenfunctions of L2 with eigenvalues L(L + 1) and 
eigenfunctions of L ,  with eigenvalues M and T in the space- and body-fixed frames, 
respectively. Rotational coupling induces mixing of the different T subspaces, but for the 
particular symmetry of Po states this coupling can be pre-diagonalized, 

@ L = ~ . M  = [(t + Rl2Pk0 + pCDk-, - D & ) / ~ I @ ( K  p 3 f )  

f [(t - R / 2 ) D k o +  pVJ;-,  - DEl)/&1@(R. P.  -0 (3) 

The plus (minus) sign corresponds to singlet (triplet) states. Note that the dependence of 
the total wavefunction on the Euler angles (V, 0, rp) is already fully accounted for by this 
pre-diagonalization which reduces the remaining number of degrees of freedom to three. 

The internal motion is described by the wavefunction 0. For its evaluation, we transform 
to perimetric coordinates ( x ,  y, z) (F'ekeris 1958) and expand @ in a Sturmian-type basis 
set l M u )  = M u )  exp(-u/2)1, 

~ ( x ,  Y ,  2) = Cc,m~~~(ax)~m((By)~~X(yz). (4) 
nmk 

The scaling parameters a, (B, y are free to choose. For the present calculations we used 
a = 28 = 2y  which are the convenient parameters for intra-shell states in the limit 
2 4 w. The expansion (4) has already been profitably used for calculations of S states of 
Coulombic three-body systems (Pekeris 1958, Richter and Wintgen 1991, Rost and Wintgen 
1992). For P states the derivation of the matrix equation of the Hamiltonian (1) requires 
some straightforward but vely tedious analytic operations, the derivation of which will be 
published elsewhere. Nevertheless, the final result is simple and all required matrix elements 
are given in closed form. In addition, most of them vanish due to selection d e s  so that the 
Hamiltonian matrix is of sparse banded structure and allows for efficient diagonalization. 

We use the method of complex rotation (Reinhardt 1982, Ho 1983) to calculate highly 
accurate energies and decay widths of doubly-excited resonant states. In addition, (complex) 
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Table 1. Various properties of doubty-excited monancfs of the different N = 2 series for 
infinite nuclear mass. Energies E and widths r are given in au and loa ay. respecfively. 4 is 
the Fan0 shape parameter for transitions from the pound state. 

Kn -E r/2 4 
a2 0.693 134920 6.8662482 -2.77 
13 0.597073804 0,0192251 -4.25 
03 0.564085188 1.5059423 ~ -258 

14 0.546493256 0.0101443 -3.32 
04 0534363 1 4 4  0.641 7335 -255 

Is 0527297769 0.049105 -3.31 

-13 0.5470927W O.wOO523 -23.4 

-14 0.527616338 O.wOoOO? -132 

dipole-transition matrjx elements d = ($812-~1~)  from the (complex rotated) helium ground 
state I&) are evaluated which allows the calculation of cross sections (Delande et 01 1991) 
and the direct determination of the Fano (resonance) shape parameters q = -Wd/3d (Broad 
1992). Here we report on photo cross sections for linear polarization 2 

For the diagonalization of the complex symmetric eigenvalue problem of the rotated 
Hamiltonian (I), we used a Lanczos algorithm described recently (Delande et a1 1991). 
We checked the convergence of the eigenvalues and of the transition matrix elements by 
increasing the basis size up to N = n + k + m = 38, corresponding to matrix dimensions 
(bandwidths) up to 10660 (1395). Due to the band structure of the matrices and the efficient 
diagonalization algorithm used, such calculations require only a couple of minutes on a 
modem RISC workstation. The wavefunction of the ground state was calculated under 
inclusion of N = 46 shells, which gives an accuracy up to 17 significant digits for the 
energy. 

For not too highly doubly-excited states, the 'Po spectrum of the helium atom can 
be characterized as follows. A set of 2N - 1 different Rydberg series converges to each 
hydrogenic energy level E = -2/NZ of the He+ ion. As long as N is small ( N  < 5),  
Rydberg series converging to different thresholds do not overlap and the structure of the 
spectrum is rather simple. The series can be labelled conveniently with an index K, 
-(N - I )  < K < N - 1, which measures the angular correlation between the electrons 
(Herrick 1983, Rost and Briggs 1991). i.e. (cosL(r1, ~ 2 ) )  _Y KIN. Close to threshold, the 
symmetry character of the different Rydberg series is govemed by the degree of polarization 
 of^ the inner electron and the label K equals the difference of the parabolic quantum 
numbers of the inner electron (Rost and Briggs 1991). A further index n counts the states 
in the different series. In an independent-particle picture, n would yield the principal 
quantum number of the outer electron. For one-photon transitions from the ground state the 
K = N - 2 series is dominantly excited. 

Despite the (seemingly) simple structure of this part of the spectrum, it was only 
very recently (Domke et al 1992) that all series of resonances converging to even the 
lowest, i.e. N = 2, threshold were identified experimentally. From the theoretical point 
of view, accurate predictions-for example for decay widths, transition strengths and shape 
pa rame te rdo  not exist for all these different series. Using the above method, we were able 
to derive these parameters. In table 1 we list values for the positions and the decay widths 
of the lowest resonances of each series together with the s h a g  parameters for wansitions 
from the ground state. The values given'are converged to all digits quoted. We emphasize 
that the most accurate calculations were unable to give any reliable estimate of the widths 
(Ho 1991) and oscillator strengths of the K = -1 series. The~results of Ho (1991) agree 
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Figure 1. Photo cmss section for energies close to the N = 2 threshold. me data are smoothed 
with a Lorentzian of width 5.6 meV. The dominant srmctures belong to Ihe K = 0 series. The 
weak smcfures at 64.14 and 64.66 meV, belonging IO the K = il series, are shown separately 
on an enlarged scale. The dominant part of the weak s ~ ~ c t ~ r e s  comes from the K = + I  stales 
and the subdominant part from fie K = -1 states. 

Table 2. Transition frequencies (in eh') of the weak N = 2 series for finite nuclear mass (4He). 
The experimental transition frequencies are from Domke et a1 (1992). 

K. A u k h e a  

Ig 62.7581 
-13 61.1179 

14 61.1342 
-14 64.6478 
Is 64.6564 

-1s 64.9062 
Ir, 64.9111 

hu..p 

62.7580 
64.1189 
64.1353 
64.6485 
64.6574 
64.9071 
64.9123 

with ours to within the accuracy cited by Ho. For further references of calculated data see, 
e.g., Domke et a1 (1992). 

The photo cross section for transitions from the ground state into the series is shown 
in figure 1. To simulate the experimental conditions of Domke et a1 (1992) we smoothed 
the spectrum with a Lorentzian of width 5.6 meV. In addition to the well known dominant 
K = 0 series (Gersbacher and Broad 1990), states belonging to the K = zkl series are 
weakly excited but they are hardly visible within the scale of the figure. The K = -1 
series is so weak that its first members have been observed only very recently (the (Zp, nd) 
series in Domke et al (1992)). The series is nearly degenerate with the K = +I series. 
For its first members the cross sections are plotted separately in figure 1. A very good 
agreement is obtained with the experiment (see figure 2 in Domke et al (1992)). 

Even though the form of the experimental cross section is nicely reproduced there is a 
slight shift of w IO meV in the excitation energies. Consideration of the finite mass of the 
nucleus in the Hamiltonian (1) largely accounts for this discrepancy. For the weak series 
the transition frequencies are tabulated in table 2 together with the recent high-precision 
experimental data Except for the lowest state of the K = +1 series (which is isolated 
in energy) the theoretical values are systematically smaller by 0 1 meV. The overlapping 
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Figure 2. Infinite-resolution photo cross section near the N = 3~ threshold. (b). A smooth 
background knn has,teen subsuacted. The dominant s u u c m s  arise from the K = +I Rydberg 
series. These cpnhibutions are shown Separately in (a). where the upper curve is K = +I and 
the lower curve is K = -1. 

contributions of higher lying resonances in the experimental data make it difficult to extract 
the precise resonance positions. The remaining discrepancy between theory and experiment 
may be related to this uncertain@, but the error is anyway four times smaller than the width 
of the synchroton light source used in the experiments. 

As long as interference effects between diffeknt Rydberg series q be neglected, the 
series are characterized by smooth quantum iiefect parameters (Friedrich 1992). Strong 
deviations from this rule indicate significant mixing'kith other states. This happens for 
large values of N 5 where the Rydberg series converging to different thresholds overlap 
and the spectrum becomes complicated The~effects of the& mixings on the photo cross 
section have been demonstrated in a &cent experiment (Domke er a1 1991). For Rydberg 
series converging to the same threshold, interference effects have not been seen so far, 
neither in experiments nor in theoretical calculations. 

Table 3. Transition frequencies from the ground states (in ev) for the lowest s!a& of the 
different N = 3 Rydterg series (infinite nuclear mass). The l&most column belongs U) the 
dominant series in the cross section and the transition strenguls become weaker to rhe righr 

K = I  K = - I ~  ~ = 2  K = O  ~ = - 2  

69.882 
71.635 71.318 11.233 
12.191 12169 72.009 71.131 

72 .W 72613 12554 72.503 12536 
n.458 72461 12.354 72.260 12335 

72.702 72.705 12.667 12.638 , 12.656 

In figure 2 we demonstrate, however, that such mixings do indeed occur between 
K = f l  states of the N = 3 Rydberg series. Part (b) shows the infiniteresolution cross 
section near the N ' =  3 threshold. The main structure is caused by the K = 1 series, 



L404 Lelter to the Editor 

while the resonance at 71.3 eV belongs to the K = -1  series and is energetically well 
separated from the first two resonances of the K = 1 series at 69.9 and 71.6 eV. The 
very narrow resonances with small transition strengths belong to other K series and are 
invisible in me finite-resolution experimental spectrum of Domke ef d (1991). However, 
as noted by the experimentalists. no other member of the K = -1 series seems to be 
visible. The reason for this is that the K = i l  series have an 'avoided' crossing near 72.5 
eV. This is demonstrated in table 3, where we list the transition frequencies of the different 
K series. Whereas, in the beginning, the K = -1 resonances are below the K = 1 ones, 
the situation changes for higher members of the series. Near 72.5 eV, the resonances are 
so close together that their contributions overlap. We emphasize that interactions of the 
Rydberg series with states converging to others thresholds can be excluded: Apart from the 
(small) avoided crossing the quantum defects of the states vary only weakly with energy 
and the lowest state converging to +e N = 4 threshold is energetically well separated (see 
figure 3 below). 

An advantage of the complex rotation method is that it is nevertheless possible to 
separate the different contributions since -each resonance contributes with a single term to 
the cross section (Delande et a1 1991). This is shown in part ( U )  of the figure, where we 
plot the K = zk1 series separately. Whereas the dominant part of the cross section is still 
coming from the K = 1 states (upper curves) the contribution of the K = -1 states (lower 
curve) indicates a'strong admixture of both series. This can be seen by the increased transfer 
of oscillator strength into the K = - 1 series and by the different shapes of the resonances 
in the same series. Both effects are a signature of complex resonances (Friedrich 1992) 
arising from interference~between~~fferent Rydberg series. 

FinaIly, we show in figure 3 the photo cross section near the N = 4 threshold. The data 
are smooth~eh to compare with the experimental data of Domke et a1 (1991, their figure 2). 
The dominant structure comes from the K = 2 series, for which the first quantum defects 
are /A,, = 1.319, 1.287, 1.344, 1.384, 1.415, 1.440 (n = 4,.  . . ,9). Note that the fin have 
a rather strong energy dependence. They are the precursors of the pseudo-resonant jump 
(Friedrich 1992) by unity in the quantum defect caused by the lowest N = 5 state Wintgen 
1993) which is located below the N = 4 threshold at 75.58 eV. 

In addition to the strong series, some weak structures are visible in figure 3 near 74.15, 
74.86, and 75.13 eV. They belong to the next dominant series K = 0, which is also visible 
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Figure 3. Photo aos5 section war the N = 4 threrhold The data are smoothed with a 
Lumllian of width 5.6 meV and a smooth background tum has been subhaned. The dominant 
svuclure is mused by the K = 2  resonances, the weakslrucrure by the K = O  sfafes. 
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in the experimental data of Domke et a1 (1991) even though the authors did not focus on 
its existence. All the other series have very small transition strengths and they are hardly 
visible in a finite-resolution spectrum. 

Using a diabatic-by-sector hyperspherical method Tang eta1 (1992) have computed very 
recently the photo cross section for the N = 5 series and observed a similar effect, namely 
a weak series visible in the experimental spectra, though unnoticed by the experimentalists. 
An advantage of our method is to reproduce all the resonances, including extremely narrow 
ones (see figure 2), in a single calculation. Furthennore, once the resonance data are given 
the cross section can be calculated efficiently on an arbitrary fine energy grid. In contrast, a 
diabatic-by-sector method requires evaluation of the wavefunctions and of the cross section 
at regularly spaced energies and can miss very narrow resonances (compare, e.g., with the 
figures in Tang et al (1992). 

In summary, we solved a Schriidinger equation for Po helium states in which the 
rotational coupling is pre-diagonalized and which depends only on three internal @rimettic) 
coordinates. The complex rotation method is used to calculate resonance parameters and 
photo cross sections by expansions in near-complete basis sets. The results are in excellent 
agreement with recent experiments. For the first time, we could show that avoided crossings 
of Rydkrg series converging to the same threshold may occur. This symmetry-breaking 
leads to characteristic effects for resonance parameters and cross sections. A weak resonance 
series contributes to the N = 4 cross sections which should become visible in slightly 
improved experiments or data analyses. 
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