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Simple theoretical calculations on atomic diamagnetism are presented and compared with heuristic arguments. The
existence of exponentially small anticrossings of energy levels in the B field diagram as pointed out recently is confirmed, and
tentatively discussed in terms of general theorems of classical mechanics. Conjectures on conservation of nodal surfaces
between the low and high field limits are shown to violate our results in the low field Coulomb limit.

The strongly magnetized hydrogen problem is the
subject of many conjectures attempting to obtain a
better understanding of the energy diagram and the
physics of this non-separable problem. But a synthetic
view as provided e.g. by a correlation diagram in the
B field between the Coulomb and Landau regions is
far from being obtained.

Recently, the low field Coulomb region has been
shown to be of major interest, as precursors of the
quasi Landau regime are existing in high resolution
spectra [1—-3]. We here present and discuss the results
of quantum calculations performed in the so-called
inter-/ and inter-n mixing regimes, the main purpose
of which was the interpretation of our experimental
data [4], obtained in high resolution conditions, on
highly hydrogenic states of cesium. The evidence of
quasi crossing behaviour for a part of the diamagnetic
spectrum is emphasized, thus confirming the results
of recent work [5]. The striking, exponentially small
size of these anticrossings for purely Coulomb poten-
tials, which has been conjectured as a proof of the
existence of an approximate dynamical symmetry [5],
is tentatively compared with some situations arising
in classical mechanics for a non-separable hamiltonian.

The non-separable hamiltonian of the problem is:

H=Hy+Hyp ,

! Associé au CNRS, LA 18.

where Hp = §v2r? sin20 is the diamagnetic term in re-
duced units (with ¥ =#iw /2R, w, the cyclotron fre-
quency, R the Rydberg constant) responsible for
quasi Landau condensation of the Rydberg spectrum
near and above threshold. H, includes the Coulomb
and paramagnetic terms.

The basic feature of the calculations is to diagonal-
ize the diamagnetic hamiltonian on a hydrogenic basis,
L, and parity being constants of the motion. In the
actual lack of an approximate theoretical separation
of the problem, this is the more straightforward quan-
tum approach at low fields. This has been performed
both in spherical and parabolic coordinates allowing
an additional check of the accuracy of the calculations
(the usual criteria being the obvious one of stability
after successive iterations). Calculations have been
done for the lowest hydrogenic states, for various M
and parity values, as shown in fig. 1, and for M = +3
odd-parity states for higher n values, in order to com-
pare to experimental results.

In inter-/ mixing conditions, 2R/n3 > Hyy or y2n’
< | and the diagonalization is performed inside the n
hydrogenic manifold. This provides a set of eigenval-
ues E7K (M, 1) and wavefunctions WK (M, 11). K is
just a label. The K = 1 state retains the dominant part
of the nF wavefunction and £”! has the fastest in-
crease with B field once the Zeeman effect is over-
come. In this regime, E"K varies as B2 (if quantum
defects are neglected). The wavefunctions "X do
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Fig. 1. Sizes of the anticrossings (in GHz) between (#, K = 1)
and (n +1, Kmax) for the lowest energy levels, in logarithmic
coordinates, as a function of (n — M). The sizes are almost
varying as e—2" with n. The two systems of curves correspond
to states having (a) even parity along the Z axis, (b) odd parity
along the Z axis, respectively. Each broken curve corresponds
to a fixed M value which is, from the upper to the lower one,
@M=0toM=4,(MYM=1 toM =4, respectively. For M

= 4, even parity along Z, the first anticrossing between (11, K
=1)and (n +1,Kp,x = 2) occurs for n = 8 at a magnetic field
strength of 588 T while for (M =4,even, n = 12) itis 144 T.
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not depend on B and are eigenstates of Hy, for the
Coulomb problem in zero field. They are also eigen-
states of H when B tends to 0 (but is non-zero, then
definitively breaking the zero-field supersymmetry of
the Coulomb problem). Surprisingly, the characteris-
tics of such states which are of major importance for
the present problem have never been studied.

In the inter-n mixing regime, 2R/n3 ~ Hp, (y2n7
~ 1) and n is no longer a good quantum number.
Diagonalization of Hp must be performed on a wider
set of hydrogenic states including several manifolds.
The sizes of the bases which are used in this regime are
up to 500 states, following the stability of successive
iterations. Nevertheless, the accuracy of calculations
can never be perfect as one neglects the role of contin-
ua. This is also the problem in the calculations of ref.
[5]. The use of a sturmian approach [3] is certainly
the only way of overcoming these difficulties. In this
regime, the eigenvalues are E7K (M, IT) and the eigen-
states WK (M, IT) which adiabatically branch to the
UK (M, 1) states when 2R/n3 > Hy,. A typical plot
of the energy diagram is shown in fig. 5 of ref. [4]. It
has been obtained including several hydrogenic mani-
folds around » = 50.

States as W1 and W”'1 are strongly interacting
with each other in the inter-n mixing regime, while
Wl and Ww'K#1 have usually weak interactions. In
this later case, the sizes of the anticrossings are usually
exponentially small, varying approximately as e~ 2"
with the n value (fig. 1). This means almost crossing
behaviour with the approximate rule that the more
parallel the behaviour of the energies with B, the
stronger the anticrossings. Practically, the anticrossing
sizes for K = 1 states are always small compared to
2R/n3 and smaller than 1 MHz for # = 50. The class
of states with K = 1 seems to behave almost indepen-
dently of the other ones for high » values. They also
retain most of the optically excited (/ = 3, M = £3)
hydrogenic state and will have dominant character in
experimental investigations with one-photon absorp-
tion from [ = 2 atomic levels [2,4]. This class of K = 1
states seems to have major importance for the forma-
tion of the quasi Landau spectrum as inferred from ex-
perimental data [1,2] and numerical simulations [3].
Then, this justifies why strong interactions between
Wl and ¥7'1 states must exist. The variations of
their energies with B must pass from B2 in the Coulomb
limit to B in the Landau one. The other series with K
# 1, for which optical excitation is less efficient, hav-
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ing almost crossing behaviour with the K =1 series,
may contribute to the formation of other Landau series
of slightly different characteristics. Mixing of them will
result in the so-called fine structure with chaotic char-
acter.

Close range corrections to the Coulomb potential
will not affect the gross features of the energy diagram
[6,7] in practical experimental conditions. As shown
in ref. [4] where quantum defects of § = 0.033 for the
F states are included, the quasi crossing behaviour will
not disappear. Though they are no longer exponential-
ly small, the anticrossings are still small compared to
2R/n3 and almost impossible to measure for high
values [5,8]. Nevertheless, if the existence of exponen-
tially small anticrossings is really connected with the
existence of an approximate dynamical symmetry,
close range corrections to the Coulomb potential could
be important in the sense that they may break the pos-
sible hidden symmetry. In addition, departures from
hydrogenic behaviour are surely of importance as con-
cerns the oscillator strengths of the recorded experi-
mental spectrum, when optical excitation is used. This
is the main reason for which no dominant structures
exist in the experimental results [9,10], in inter-n mix-
ing conditions but for those obtained on highly hydro-
genic states [2,3]. Obviously, they also completely mo-
dify the appearance of the spectrum in the inter-/ mix-
ing region [1].

Nodal surfaces and conservation laws. Nodal sur-
faces of W#K (M, ) in the inter-/ mixing regime are
shown in fig. 2 for n = 17, M = 3, odd-parity states.
From the zero field and ultra high field limits [11],
one can imagine how the deformations occur, due to
merging of cones and spheres, or planes and cylinders.
The inadequacy of conjectures of Kleiner [12] and of
ref. [13] based on conservation of nodal surfaces
between the low and high field limits is exemplified in
fig. 2. A similar feature has already been reported in
ref. [11], but in ultra high field conditions (R <7iw,)
when the adiabatic separation of the longitudinal and
transverse motions is almost valid. These conditions
are far from being valid in the Rydberg atomic physics
conditions we presently investigate. But the two ap-
proaches are a contribution to the same problem, with
identical conclusions, though they are obtained in
completely different ways. Our contribution is the
first one to the important problem of symmetries of
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the wave functions in the low field limit, for quasi-
hydrogenic atoms.

K =1 states seem to be associated to excited mo-
tion along the B direction as may be inferred counting
the nodes along B. But for values greater than 3 X 10-3,
WK =15 concentrated in the shaded area meaning that
it really corresponds to low excitation out of the Z = 0
plane. This is in agreement with the basic hypothesis
of semi-classical calculations of the Landau spectrum
[7]. It is no longer surprising that experimental posi-
tions, quantum inter-» mixing calculations, and two-
dimensional semi-classical ones assuming Z ~ 0 for the
(n7< = 1) lines are in agreement. These lines are really
low field precursors of the quasi Landau spectrum
[1-3].

K =7 states, from the nodes, seem to correspond
to low excitation in the B direction for p = 0 and ex-
cited motion for p ~ n2a (a, the Bohr radius). Once
again, the wave function for |¥| > 3 X 10~ is concen-
trated in the shaded area and then corresponds to ex-
cited motion along B.

Obvious features of the inter-n mixing regime can
be deduced from fig. 2. Interaction between nK and
n'K states will be strong as matrix elements of p2
between states of the same general symmetry will be
non-zero. In contrast, interactions between K = 1 and
K =7 states will obviously be weak. Optical excitation
of K =1 states in ¢ polarization will also be more effi-
cient. Additionally, it is clear that no a priori choice
of a basis having convenient symmetries is possible;
especially choice of spheroidal functions [14] is not
better than others in this regime.

[t appears that the strange distribution of nodal sur-
faces gives a distorted representation of the real prob-
lem, especially contradicting major arguments on the
modulus and extension of the wave function. In addi-
tion, there is some fundamental ambiguity in the way
of counting the nodes, and finally on their interpreta-
tion for a non-separable problem. The results of fig. 2
contradict both Kleiner’s conjecture [12] and other
simple adiabatic pictures [13], confirming that there
is no obvious argument for assuming nodal surface
conservations, between the low and high field limits.
The anticrossing behaviour of K =1 and K states
just proves the opposite.

max

Heuristic point of view. This is not a new feature
but indeed suitable here to question upon classical mo-
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Fig. 2. Inter-I mixing calculations of the nodaal surtaces for n = 17 and different values of K (M = 3, odd-parity states). Rotational
symmetry along the Z axis has been omiited. (a) General aspects for K = 1 to K = 7 states. (b) The shaded area in the curves corre-
sporuis to vaiues of the wave functions greater than 3 X 1075, K = 1 states then correspond to motion near the Z = 0 plane while
for K =7 the behaviour is tnat of excited motion along B. This partly contradicts the distribution of nodal surfaces. (c) Enlarge-
menis tor K = 4 and K = 6 of the central regions exhibiting a general non-crossing rule of the nodal surfaces. The size of the “anti-
crossing’ is of the order of 3 ¢q.
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tion, way of quantization, ergodicity and dynamical
symmetries for a non-separable problem [15,16]. But
these important questions implied in various domains
of physics are highly difficult and still open. Only lim-
ited results have been obtained for classical systems.
They are essentially due to Kolmogorov and Arnold
[17,18].

Extensive studies have been performed on the class
of systems for which the non-separable hamiltonian
can be written down as [17]:

H=Hg+V,

where Hyg is a separable hamiltonian and ¥ the sym-
metry breaking perturbing part. Here separable means
the existence of conservation laws in phase space for
some set of operators and does not necessarily imply
a simple geometrical interpretation, in R3.

General results show that, for initial conditions
close to an invariant torus of Hg, the phase space tra-
jectories of H will be of two types. The first one is as-
sociated with quasi-periodic trajectories lying in the
vicinity of those associated with Hg meaning that the
invariant non-resonant torus is slowly deformed and
evolving with the perturbation V. The other class is as-
sociated with instability regions or faults between the
non-resonant invariant tori. For initial conditions be-
longing to these faults, the trajectories will go away
and the variations of the adiabatic invariants (associ-
ated with Hg) will be of the order of exp(—1/V"'4) per
unit time (where the value of 4 depends on ¥ and 0
<n4 <1). The difference in energy between the quasi-
periodic orbits which still respect symmetries of Hy
and those which do no longer obey the classification
is then of the order of exp(—1/V"d).

For a two-dimensional problem, and for initial con-
ditions lying in faults between two non-resonant tori,
the phase curves will always be confined near the faults,
whatever the complexity of the resulting motion. These
additional constraints are due to topological arguments.
The associated physical quantities will always be close
to their initial values, if there is no energetic degener-
acy of the hamiltonian. When energetic degeneracy oc-
curs, which is precisely true near crossing of energy
levels, there are no general results but the role of the
faults and instabilities will no longer be limited by
topological arguments. It is likely that one turns back
to the general situation previously described.

There is no rigorous proof that the strongly mag-

PHYSICS LETTERS

20 April 1981

netized hydrogen atom problem will really behave as
previously described. It can be shown to be equivalent
to a two-dimensional, symmetric, anharmonic oscilla-
tor but a study of the stability of the classical motion
is rather complicated.

The existence of exponentially small anticrossing
in the quantum problem seems to be a clue of the
existence of trajectories obeying in the classical limit
some of the general features previously described. One
must stress upon the fact that the smallness of the
anticrossing is justified if a decomposition such as (2)
holds but the quasi-exponential behaviour is a rather
singular feature, which especially cannot be understood
in terms of perturbation theory for classical or quan-
tum systems. In contrast, close range corrections to
the Coulomb potential are responsible for an enhance-
ment of the sizes of anticrossings (through straightfor-
ward mixing of the channels) which is perfectly under-
stood in terms of conventional perturbation theory. It
is very enticing and enlightening to compare this expo-
nential feature to what happens for trajectories associ-
ated with the faults between invariant tori, and to cor-
relate the exponential behaviour with the existence of
instability regions in phase space, for the conjunctions
of Coulomb and oscillator-like potentials.

A rough justification could be choosing for Hg the
hamiltonian for Z = 0 (depending on p and including
both the Coulomb and diamagnetic potentials), which
respects the gross features of the spectrum. Then:

oty
(pz + ZZ)] 2 p

which is an oscillator-like potential for small Z. In re-
duced units, V is of order Zz/p3 and V ~ nz/ng,where
n, is of the order of the Coulomb principal quantum
number if 2R /n3 > Hpy. From the anticrossing behav-
iour, it follows that e=27 ~ exp(—K /¥ 1/6) which is of :
the order of the estimation rrom classical mechanics.

Then a possible origin of the exponential size of
the anticrossings might be sought in an enhanced con-
tribution of waves from the instability regions to the
semi-classical Green functions, for some special values
of energy and magnetic field. Whether such a hypoth-
esis is correct and a manifestation of chaotic behaviour
in the system, needs a detailed study of the classical
motion of the electron. This is of importance anyway
for probing and finding the nature of a possible under-
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lying dynamical symmetry. This has been a complex
task for other problems with in the margin interesting
questions about chaotic behaviour, way of quantiza-
tion and quantum analogs. Very old problems laid out
in 1917 [15].
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