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We study the time propagation of an initially localized wave packet for a generic one-dimensional time-
independent system, using the ‘‘nonlinear wave-packet dynamics’’@S. Tomsovic and E. J. Heller, Phys. Rev.
Lett. 67, 664 ~1991!#, a semiclassical approximation using a local linearization of the wave packet in the
vicinity of classical reference trajectories. Several reference trajectories are needed to describe the behavior of
the full wave packet. The introduction of action-angle variables allows us to obtain a simple analytic expres-
sion for the autocorrelation function, and to show that a universal behavior~quantum collapses, quantum
revivals, etc.! is obtained via interferences between the reference trajectories. A connection with the standard
WKB approach is established. Finally, we apply the nonlinear wave-packet dynamics to the case of the
hydrogen atom in a weak magnetic field, and show that the semiclassical expressions obtained by nonlinear
wave-packet dynamics are extremely accurate.

PACS number~s!: 03.65.Sq, 32.60.1i, 31.15.Gy, 31.50.1w

I. INTRODUCTION

The understanding of the transition between the classical
and quantum behavior of a physical system is a very exciting
challenge for the physicist. The key parameter is the ratio of
the classical action along a typical short closed trajectory to
the Planck constant\. There are two separate ways to con-
sider the problem. The first one, and also the more investi-
gated so far, is to solve the time independent Schro¨dinger
equation~for a time-independent system! in the limit of large
quantum numbers, and try to express the quantized energy
levels in terms of classical quantities. The second one is to
study the time evolution of the closest quantum analog of a
classical particle~a localized wave packet! through the time
dependent Schro¨dinger equation, and to determine how it is
linked to classical trajectories.

The simplest illustration of the first approach is the WKB
method@1# for time-independent one-dimensional systems. A
certain form of solution of the time-independent Schro¨dinger
equation is assessed, in which the phase term is expanded in
powers of\. The boundary conditions can be satisfied only
for specific values of the energy. This quantization condition
has a simple physical interpretation: the energy levels corre-
spond to classical trajectories where the action is a half-
integer multiple of the Planck constant. This method can be
extended to multidimensional integrable systems~it is then
called the EBK method@1#!, when the number of classical
constants of motion is equal to the number of degrees of
freedom. It can further be used for quasi-integrable systems
~the so-called ‘‘torus quantization’’! when the classical mo-
tion, although not strictly integrable, is mainly regular, but it
cannot be used for chaotic or mixed regular-chaotic systems.

Another way of obtaining the energy levels and stationary
states has been pioneered by Gutzwiller@2#. It relies on a
different approach. The Feynman path integral is a formula-
tion of quantum mechanics equivalent to the Schro¨dinger
equation. The amplitude of an elementary quantum
process—going from pointq to point q8 in time t, i.e., the

matrix element^q8uU(t)uq& of the evolution operator—is
expressed as a sum over all possible paths~classical as well
as nonclassical ones! connecting the initial point to the final
point, the phase being the classical action along the path
divided by\. In the semiclassical limit, the sum is computed
using a stationary phase approximation. The action being
stationary alongclassicalpaths, this results in the so-called
Van Vleck semiclassical propagator, written here for simplic-
ity for a one-dimensional system~extension to multidimen-
sional systems is straightforward!:

^q8uU~ t !uq&5S 1

2p i\ D 1/2(
p

U]2Sp~q,q8,t !

]q]q8
U1/2

3expS iSp~q,q8,t !

\
2
ipnp

2 D , ~1!

where the indexp labels all the classical trajectories going
from q to q8 in time t. The actionSp and the Maslov index
np are classical quantities.

This semiclassical propagator can be converted from the
time domain to the energy domain with a second stationary
phase approximation, leading to the semiclassical Green
function of the system. The latter can be used to compute the
density of states~this involves a third stationary phase ap-
proximation!. For system with ‘‘hard chaos’’~only isolated
unstable periodic orbits!, the final result is the so-called
Gutzwiller trace formula@written here for two-dimensional
~2D! systems#:

d~E!5d̄~E!1ImF(
p

Tp

p\Adet~Mp21!

3expS iSp\
2
inpp

2 D G . ~2!

The first term d̄(E) is a smooth function~Thomas-Fermi
approximation!, and the second term is a sum over periodic
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orbits having actionSp , periodTp , Maslov indexnp , and
whereMp denotes the classical stability matrix of the peri-
odic orbit ~also called monodromy matrix!. Importantly,
similar expressions can be obtained for integrable systems
where periodic orbits are not isolated@1#. There, it can be
shown to beequivalentto the EBK quantization method.

During the last few years, considerable effort has been
devoted to the study of periodic orbit expansions pioneered
by Gutzwiller @3–5#. The goal is to be able to compute the
approximate positions of the quantum energy levels from the
classical periodic orbits. This is in practice very hard to do,
because of the sum over all classical periodic orbits whose
number increases exponentially as a function of the period
for classically chaotic systems.

To overcome the difficulties of periodic orbit expansions,
a simple idea is to come back to the propagator in the time
domain and use it to propagatewave packets. Various meth-
ods have been used for regular or chaotic systems@6–13#.
The simplest idea—the so-called linear wave-packet
dynamics—is to expand the semiclassical propagator in the
vicinity of the wave-packet center and use such an expansion
for propagating the quantum wave packet~for a review, see
@11#!. The difficulty is that, at long times, the initially local-
ized wave packet spreads in phase space—very rapidly when
the classical dynamics is chaotic—and any localization is
consequently lost at long times. In other words, any local
expansion in the vicinity of the wave-packet center can only
be valid for a relatively short time. To overcome such a prob-
lem, ‘‘multiple trajectories’’ methods@8–10,14–17# have
been studied. The most efficient one—called nonlinear wave-
packet dynamics—has been developed by Heller and co-
workers@14–17#. In the past few years, it has been success-
fully used in several systems, regular and chaotic: it is
possible to reproduce the quantum interferences and spectra
without any explicit quantization, looking at the classical
evolution in phase space.

Section II of this paper describes the nonlinear wave-
packet dynamics. In Sec. III, we show how the method can
be used to describe any time-independent one-dimensional
system, resulting in a universal behavior, among which are
the well-known quantum collapse and quantum revival phe-
nomena@18#. We demonstrate its explicit connection with the
standard WKB method in Sec. IV. Finally, in Sec. V, we use
these results to study the behavior of a hydrogen atom in a
low magnetic field. This is a first step towards a semiclassi-
cal description of this system in a strong magnetic field,
when the classical dynamics is chaotic.

II. NONLINEAR WAVE-PACKET DYNAMICS

We here describe the nonlinear wave-packet dynamics.
The method relies on the fact that the wave-packet is initially
small compared to the phase space volume. Indeed, the phase
space volume of a wave packet—as it can be intuitively seen
through the Wigner quasi-probability densityPw(q,p,t)
@19#—is of the order of\N, whereN is the number of de-
grees of freedom. Therefore, the wave packet can be time-
propagated using a local approximation of the Van Vleck
propagator~or, equivalently, by a local expansion of the
time-dependent Schro¨dinger equation!. The simplest ap-
proach, worked out by Heller@6,7# and Littlejohn@11#, uses

an expansion in the vicinity of the center of the wave packet.
Although it is true that the center evolves according to the
classical equations of motion, the wave-packet spreading
limits the relevance of this approach to short times. To go
further, one has to realize that the distortion of the wave
packet is also mainly governed by classical equations. In
classical mechanics, the initially localized wave packet de-
velops more and more intricate structures in phase space as
time goes on. So does the quantum wave packet: as time
increases, the evolution of the wave packet cannot be de-
scribed by a single distorted wave packet, but different local
approximations~depending on which part of the wave packet
one is interested in! have to be used. This is the key point of
the ‘‘nonlinear wave-packet dynamics’’@14–17#.

In order to illustrate the principle of the method, let us
consider an interesting quantum quantity: the overlap be-
tween the time propagated and the initial wave packets~au-
tocorrelation function!. If c(q,t) denotes the wave packet,
the autocorrelation function is written as

C~ t !5^c~0!uc~ t !&5E c* ~q,t50!c~q,t !dq. ~3!

It gives an idea of how different a wave packet is from its
initial shape. It is also a quantity which can be experimen-
tally measured, see recent experiments using atomic wave
packets excited with short pulsed lasers@20–22#. The auto-
correlation function is simply related to the eigenstates and
energy levels of the system through the equation@obtained
by expanding the propagatorU(t)5exp(2 iHt /\) on the
eigenstates#

C~ t !5^c~0!uU~ t !uc~0!&5(
K

z^c~ t50!ufK& z2e2 iEKt/\.

~4!

ufK& and EK are the eigenstates and energy levels of the
system. In Eq.~4!, one sees that the quantized states can
interfere destructively~collapses! or constructively~revivals!
@18#, depending on the various energy levels and eigenstates.

In order to estimate a semiclassical approximation of the
autocorrelation function, we use the semiclassical Van Vleck
propagator, Eq.~1!, in Eq. ~3!, which gives

C~ t !5E c* ~q,0!H S 1

2p i\ D 1/2E (
p

U]2Sp~q8,q,t !

]q]q8
U1/2

3expS i Sp~q8,q,t !

\
2 i

pnp

2 Dc~q8,0!dq8J dq, ~5!

wherep labels all the classical trajectories which linkq8 to q
during the timet. As c(q) is important only in a limited
region of space, the trajectories starting from various initial
points q and ending at various pointsq8 having similar
shapes can begroupedtogether. The total contribution of a
given family of orbits can be estimated using a local expan-
sion to the classical quantities entering in Eq.~5!. This local
expansion has to be done in the vicinity of a ‘‘reference’’
trajectory j roughly situated at the ‘‘center’’ of the family of
trajectories. The quantity inside the braces in Eq.~5!, when
estimated by such a local approximation, represents a local
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approximationc j (q,t) of the initial wave packet propagated
during timet. This is an ‘‘elementary’’ wave-packet solution
of the Schro¨dinger equation expanded in the vicinity of the
classical reference trajectoryj . It is important to note that the
expansion isnot made around the wave-packet center, but
around a classical trajectory relevant for the part of the
propagated wave packet one wants to describe.

The total autocorrelation function is obtained as a sum
~thus including interference terms! over the variousj contri-
butions:

C~ t !5(
j
E c* ~q,t50!c j~q,t !dq. ~6!

Classical mechanics tells us how to choose the reference
trajectories. This is illustrated in Fig. 1, in the case of the
hydrogen atom in a weak magnetic field. It is a one-
dimensional problem~see Sec. V!, and the projection of a
localized wave packet in phase space~its Wigner distribu-
tion! is then a surface. In Fig. 1, we show the initial wave
packet~shaded!, represented by an ellipsis in the case of a
Gaussian wave packet, and the time propagated wave pack-
ets in phase space. We have plotted the distortion of the
initial wave packet through the classical equations of motion,

each point of the surface having a different initial condition.
Tc is the classical period of the motion of the center of the
initial wave packet. After time 0.5Tc , there is no overlap
between the initial and propagated surfaces: no reference tra-
jectory is found and the autocorrelation is consequently
equal to 0~within the degree of approximation we use; of
course, the exact autocorrelation is not strictly 0, but vanish-
ingly small!. After one classical period (t5Tc), there is one
intersection between the initial and propagated surfaces, at
the center of which we choose the reference trajectory: only
one reference trajectory will contribute to the autocorrelation
function, and the linear wave-packets dynamics still holds.
But after ten classical periods (t510Tc), there are three dis-
tinct intersections and three different reference trajectories
are needed to evaluate the autocorrelation function, Eq.~6!.

The great advantage of looking at the projection of the
wave packet in phase space through the Wigner transform is
to be able to select the proper setsj of classical trajectories,
and to replace the propagation along all the trajectories of
one set by the propagation of the wave packet in the vicinity
of one reference trajectory for each setj . This method also
shows clearly the link between classical and quantum me-
chanics: since the particle is represented by a volume in the
quantum phase space~it is a point in the classical phase
space!, there are several intersectionsj possible, and then
interferences.

III. ONE-DIMENSIONAL TIME INDEPENDENT SYSTEM

In this section, we use the nonlinear wave-packet dynam-
ics to study a general one-dimensional time independent sys-
tem, for which the classical Hamiltonian will be written
H(q,p). We here bring together results and techniques al-
ready worked out in the context of wave-packet dynamics
and show how they can be used for the nonlinear wave-
packet dynamics. In Sec. III A, we recall the basic formula
for the autocorrelation function already derived by Heller
and co-workers@17#. In Secs. III B and III C , we study the
propagation of an elementary wave packet along asingle
reference trajectory, using the techniques worked out for the
linear wave-packet dynamics@6,11#. In Sec. III D, following
the work of Littlejohn @11,12#, we show that for a general
Hamiltonian @not necessarily of the formH5p2/21V(q)#,
the use of action-angle coordinates leads to substantially
simpler results. The final formula—to be used in the follow-
ing sections—is obtained in Sec. III E. Although none of the
ingredients used is fully original, it is the first time to our
knowledge that they are put together in the framework of
multiple trajectories~nonlinear! wave-packet dynamics in a
comprehensive study.

A. Calculation of the autocorrelation function

The conservation of energy gives one constant of motion:
since the system is 1D and time independent, it is integrable.
It is now experimentally possible to excite very localized
wave packets@20–25#. Quantally, the coherent sum of eigen-
states is such that the probability density is peaked with
minimum fluctuations~minimum phase space size of\): this
is a Gaussian wave packet. Besides, we know that a Gaussian
wave packet does not spread in a harmonic potential, and
that the quantum averages for such a wave packet are the

FIG. 1. Distortion with time of the phase-space region where the
Wigner function of the initial localized wave packet takes its maxi-
mum values. It is drawn here for a hydrogen atom in a weak mag-
netic field, a problem which is effectively a one-dimensional prob-
lem when described in the canonical variables (L' ,u) ~see Sec. V!.
At t50, since the wave packet is Gaussian, this surface is an ellip-
sis ~shaded!. Tc is the classical period of the motion of the center of
the initial wave packet~most probable location att50!. The initial
wave packet is propagated according to the classical equations of
motion, and distorts since each point is the initial condition of a
different probable trajectory of the particle. After a time 0.5Tc ,
there is no overlap between the initial and propagated surfaces: the
autocorrelation functionC(t)5*c* (q,t50)c(q,t)dq is ~at this
degree of approximation! equal to 0. Aftert5Tc , there is one in-
tersection between the propagated and initial wave packets: to
evaluate the autocorrelation function, only the distortion of the
wave packet in the vicinity of the central trajectory is needed. But
for t510Tc , there are three distinct intersections between the initial
and propagated wave packets: the distortions of the initial wave
packet along those three reference trajectories are needed to calcu-
late the autocorrelation function, Eq.~42!.
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classical ones. We will then start from such a wave packet,
initially at position qc with momentumpc , whose wave
function is ~we use\51 throughout the rest of this paper!

c~q,t50!5~ps0
2!21/4expH ipc~q2qc!2

~q2qc!
2

2s0
2 J .

~7!

The width s0 is an arbitrary parameter which we can
choose freely. The Wigner transform@19# of such a wave
packet gives its density quasiprobability in phase space:

Pw~p,q!5expH 2s0
2~p2pc!

22
~q2qc!

2

s0
2 J . ~8!

It is obviously Gaussian inp andq and has an ‘‘area’’ equal
to 1, the value of the Planck constant in our units. One can
imagine it as a set of initial conditions, and thus of possible
trajectories with a Gaussian weight.

As explained in Sec. II, in order to semiclassically esti-
mate the autocorrelation function, we have to look at the
distortion of the wave packet along reference trajectories
which are closed after timet, and which are localized in
phase-space regions where the initial wave packet takes large
values. A second order expansion of the Hamiltonian in the
vicinity of the reference trajectory leads to a propagated
wave packetc j (q,t) which is still a Gaussian wave packet
written as

c j~q,t !5~ps0
2!21/4exp„i $j j~ t !@q2qj~ t !#

1a j~ t !@q2qj~ t !#
21g j~ t !%…. ~9!

When the wave packet evolves with time, the functions
j j (t), a j (t), and g j (t) express the distortion of the wave
packet whose center travels along the classical trajectory
„qj (t),pj (t)…. Their initial conditions are easily derived from
Eq. ~7!:

j j~0!5pc1
i @qj~0!2qc#

s0
2 ,

a j~0!5
i

2s0
2 ,

g j~0!5@qj~0!2qc#S pc1 i @qj~0!2qc#

2s0
2 D . ~10!

The autocorrelation function can then be rewritten as a
sum ~over all the reference trajectories! of the overlaps be-
tween the initial wave packet and the elementary propagated
wave packetsc j (q,t) @17#:

C~ t !5(
j

S 2a j~0!

a j~ t !2a j* ~0!
D 1/2 expH i S g j~ t !2g j* ~0!

2
@j j~ t !2j j* ~0!#2

4@a j~ t !2a j* ~0!#
D J . ~11!

In the following, we determine the quantitiesa,j,g rela-
tive to each elementary propagated wave packetc j (q,t). For

each elementary wave packet, the procedure is equivalent to
monotrajectory~linear! wave-packet dynamics, which has
been widely studied@6,11#.

B. Evolution of the wave packet along a reference trajectory

In this section, we derive the equations of propagation for
an elementary wave packet evolving along the reference tra-
jectory j . From the preceding section, we know that quan-
tally the wave packet will evolve along the trajectoryj with
the Schro¨dinger equation:

i
]c j~q,t !

]t
5Ĥ j~ q̂,p̂,t !c j~q,t !, ~12!

where (p̂,q̂) denote quantum operators:

p̂5
\

i

]

]q
. ~13!

Ĥ j (q̂,p̂,t) is the quantum Hamiltonian of the particle ex-
panded to second order around„qj (t),pj (t)…, to account for
the local behavior of the wave function in the vicinity of the
reference trajectoryj .

Using Hamilton’s equations for classical motion, we ob-
tain for the quantum Hamiltonian

Ĥ j~ q̂,p̂,t !5H„qj~ t !,pj~ t !…1q̇ j~ t !@ p̂2pj~ t !#

2 ṗ j~ t !@ q̂2qj~ t !#1
K11~ j ,t !

2
@ q̂2qj~ t !#

2

1
K12~ j ,t !

2
@ q̂2qj~ t !#@ p̂2pj~ t !#1

K21~ j ,t !

2

3@ p̂2pj~ t !#@ q̂2qj~ t !#1
K22~ j ,t !

2
@ p̂2pj~ t !#

2,

~14!

where the dot denotes the derivative of a classical quantity
with respect tot and Klm( j ,t) matrix contains the second
derivatives of the Hamiltonian with respect toq,p along the
trajectoryj ~see below!. It is a purely classical quantity, con-
trary to q̂ and p̂ which are quantum operators. Besides,
the conservation of energy impliesH„qj (t),pj (t)…5
H„qj(0),pj (0)…5Ej . Note, however, thatEj is not the cen-
tral energy of the wave packet, it is just the energy of the
reference trajectory.

Ĥ j (q̂,p̂,t) is then an operator quadratic in2 i\]/]q and
q̂. Plugging Eqs.~14! and ~9! in Eq. ~12!, one obtains
coupled ordinary differential equations for the functions
j j (t),a j (t), andg j (t), which we call ‘‘distortion’’ equations
as they describe the distorsion of an elementary wave packet:

j̇ j5 ṗ j2F2K22a j1
~K121K21!

2 G~j j2pj !, ~15!

ȧ j52
K11

2
2~K121K21!a j22K22a j

2 , ~16!
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ġ j52Ej1q̇ j pj2
K22

2
~j j2pj !

21 i SK22a j1
K12

2 D ,
~17!

wherepj5pj (t) andqj5qj (t) are solutions of the classical
equations of motion for the trajectoryj . Remember that the
K matrix is time dependent.

C. Solutions of the distortion equations along a reference
trajectory

We first solve the differential equation fora j , Eq.~16!. In
this section, we drop the indexj , since the equations are
similar for all the trajectoriesj . All the derivatives are taken
along the reference trajectory„q(t),p(t)…5„qj (t),pj (t)….

Let us consider a classical trajectory„q8(t),p8(t)… neigh-
boring the trajectory„q(t),p(t)…, and denote

dq~ t !5q8~ t !2q~ t !,
~18!

dp~ t !5p8~ t !2p~ t !,

the deviations from the reference trajectory. According to
Hamilton’s equations, a small initial deviation
„dq(0),dp(0)… is related to the deviation at timet by the
monodromy matrix:

S dq~ t !

dp~ t !
D 5S ]q~ t !

]q~0!

]q~ t !

]p~0!

]p~ t !

]q~0!

]p~ t !

]p~0!

D S dq~0!

dp~0!
D . ~19!

This matrix will be denotedM (t). It obeys the following
equation of evolution:

dM~ t !

dt
5JK~ t !M ~ t !, ~20!

with

K~ t !5S ]2H

]q2
]2H

]q]p

]2H

]p]q

]2H

]p2
D ~21!

and

J5S 0 1

21 0D . ~22!

A straightforward calculation shows that, whatever the
initial conditions„dq(0),dp(0)…, the quantity@17#

a~ t !5
1

2

dp~ t !

dq~ t !
5
1

2 SM21~ t !dq~0!1M22~ t !dp~0!

M11~ t !dq~0!1M12~ t !dp~0! D
~23!

is a solution of Eq.~16! @26#. Among the family of solutions,
we are interested in the one satisfying the initial condition,
Eq. ~10!. We obtain the solutiona(t) as a function of the
monodromy matrix:

a~ t !5
1

2 SM21~ t !s0
21 iM 22~ t !

M11~ t !s0
21 iM 12~ t !

D . ~24!

Knowing a(t), we can proceed solving Eqs.~17! and
~15!. From Eq.~20!, we deduce

dq̇~ t !

dq~ t !
5K21~ t !1K22~ t !

dp~ t !

dq~ t !

5K21~ t !1K22~ t !2a~ t !. ~25!

SinceK12(t)5K21(t), Eq. ~15! can be written

j̇~ t !2 ṗ~ t !

j~ t !2p~ t !
52

dq̇~ t !

dq~ t !
, ~26!

the general solution of which is

j~ t !2p~ t !5
@j~0!2p~0!#dq~0!

M11~ t !dq~0!1M12~ t !dp~0!

5
j~0!2p~0!

M11~ t !12a~0!M12~ t !
. ~27!

For the specific initial conditions in Eq.~10!, we obtain the
desired solution

j~ t !2p~ t !5
s0
2@pc2p~0!#1 i @q~0!2qc#

M11~ t !s0
21 iM 12~ t !

. ~28!

Finally, we have all the elements needed to solve Eq.~17!.
Using Eqs.~25! and ~27!, this equation can be rewritten

ġ~ t !52E1pq̇2
K22~ t !

2 S @j~0!2p~0!#dq~0!

M11~ t !dq~0!1M12~ t !dp~0! D
2

1
i

2

dq̇~ t !

dq~ t !
. ~29!

Its general solution is obtained by elementary quadratures:

g~ t !52Et1E pdq2
@j~0!2p~0!#2M12~ t !dq~0!

2@M11~ t !dq~0!1M12~ t !dp~0!#

1
i

2
lnH M11~ t !dq~0!1M12~ t !dp~0!

dq~0! J 1g~0!.

~30!

The desired solution, satisfying the initial condition Eq.
~10!, is thus

g~ t !52Et1E pdq

2
$s0

2@pc2p~0!#1 i @q~0!2qc#%
2M12~ t !

2s0
2@s0

2M11~ t !1 iM 12~ t !#

1
i

2
lnHM11~ t !1

i

s0
2M12~ t !J 1g~0!. ~31!
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From the previous solutions, Eqs.~24!, ~28!, and ~31! of
the distorsion equations, we can obtain the semiclassical ex-
pression for the autocorrelation function, Eq.~11!.

D. Action-angle variables

In the (q,p) variables, the monodromy matrix does not
have a simple expression. Following the original idea of
Littlejohn @11,13#, we show in this section that action-angle
variables lead to simpler expressions.

Since we are dealing with a 1D time independent, and
thus integrable system, there are action-angle variables
(I ,Q), such that@2#

2pI5rperiod pdq, ~32!

$I ,Q%51. ~33!

The first advantage of the action-angle variables is that the
determination of the reference trajectories is extremely
simple. Figure 2 shows the analog of Fig. 1, the distortion of
the initial wave packet as times goes on, but in action-angle
coordinates. The global motion is then along curves with
fixed actionI at a velocity inQ which in constant in time,
but depending onI . The reference closed trajectories just
correspond to an increase of the angleQ by an integer mul-
tiple of 2p during timet. Thus, the reference trajectories can
be labeled by a single integerj corresponding to an increase
of Q by 2p j . An immediate consequence is that the refer-
ence trajectoryj is the j th repetition of a primitive periodic
orbit. In the initial (q,p) coordinates,j counts the number of
loops done in timet along the primitive periodic orbit, see
Fig. 1.

Each reference orbit can be characterized by its action
I j , the corresponding period of the primitive orbit being

Tj5
2p

]H

]I
U
I j

. ~34!

The condition defining the reference orbitj is simply

Tj5
t

j
~35!

or

]H

]I
U
I j

5
2p j

t
. ~36!

A second advantage of the action-angle variables is that,
sinceI is constant, andH5H(I ), the monodromy matrix is
very simple. Indeed, from Eq.~21!, all the elements of ma-
trix K are equal to 0, exceptK225]2H/]I 2. Hence, the
monodromy matrixM(t) in action-angle coordinates is@13#

M5S 1
]2H

]I 2
t

0 1
D . ~37!

If P(t) is the transfer matrix between the two sets of
coordinates~of determinant 1 as both are canonical sets of
coordinates!, we deduce~we are in the vicinity of a classical
trajectory which is closed after timet! the monodromy ma-
trix in the initial coordinates, for each reference trajectory:

M ~ t !5S 11P21P22

]2H

]I 2
t P22

2 ]2H

]I 2
t

2P21
2 ]2H

]I 2
t 12P21P22

]2H

]I 2
t
D , ~38!

wherePlm5Plm(0) and]2H/]I 2 are constants only deter-
mined by the initial position„q(0),p(0)….

Here, all the elements of the monodromy matrix are linear
~plus constant! functions of timet, which makes the evolu-
tions of a(t), j(t), andg(t), hence of the autocorrelation
function, very simple. Note that these simple relations hold
only because closed reference trajectories are used. Whent
is not a multiple integer of the period, the elements of the
monodromy matrix are no longer linear functions of time.

E. Final expression of the autocorrelation function

The expressions can be further simplified if one chooses
as initial starting point for launching the wave packet a turn-
ing point of the classical motion such thatq̇(0)50, that is
P2250 ~note, however, that this is not a serious limitation
and quite simple expressions can also be obtained if the
wave packet is launched anywhere!. The monodromy matrix
then reduces to

FIG. 2. Same as Fig. 1 plotted now in action-angle coordinates
(I ,Q). The initial wave packet is also an ellipsis in the (I ,Q) phase
space~shaded!. The classical propagation is extremely simple: the
action I is constant whileQ increases linearly with time, at a rate
depending onI . Again, aftert50.5Tc , the initial and propagated
wave packets have no overlap. There are three distinct intersections
after t510Tc , which implies that three reference trajectories are
needed to calculate the autocorrelation function, Eq.~42!.
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M ~ t !5S 1 0

2P21
2 ]2H

]I 2
t 1

D . ~39!

The solutions of the distortion equations are the following
simple expressions:

j~ t !5j~0!,

a~ t !5a~0!2
1

2
P21~0!2

]2H

]I 2
t, ~40!

g~ t !52Et1I
]H

]I
t1g~0!2n

p

2
,

where the classical quantityP21(0)5(]I /]q)
„q(0),p(0)… as

well as the action and related quantities can be derived from
the Hamiltonian and equations of motion in (q,p). The con-
stant termnp/2 comes from the logarithmic term in Eq.~31!.
Indeed, the argument of the logarithmM11(t)1 iM 12(t)/s0

2

has the same value at the ending and starting points of the
reference trajectory. However, along the trajectory, its loga-
rithm has to evolve continuously. Depending on the ‘‘trajec-
tory’’ of the quantityM11(t)1 iM 12(t)/s0

2 in complex plane,
the determination of the logarithm at the ending point may
differ from its original value byinp, with n an even integer
which is the Maslov index of the trajectory. It is also the
number of turning points~caustics! along the trajectory. For a
reference orbitj which is the j th repetition of a primitive
orbit, the Maslov index is simplyj times the one of the
primitive orbit. This term, as emphasized by Heller and co-
workers@7,9,10#, is a ‘‘smooth Maslov index,’’ continuously
accumulated along one trajectory, to be added in the phase of
their semiclassical wave functions. Using the concepts of
symplectic and metaplectic operators, Littlejohn derived its
expression@13#, noticing that with the wave-packets meth-
ods, the phase shift is not due to turning points, in contrast
with the usual WKB picture where the Maslov index comes
from the failure of the semiclassical approximation at the
turning points. Thus here also, and contrary to the WKB
approach, there is in general no breakdown of ourphase
spacesemiclassical approximation near turning points@27#.

In the following, we write for a reference trajectoryj

Aj5P21~0!2S ]2H

]I 2 D
I j

5S ]I

]qD
qj ~0!

2 S ]2H

]I 2 D
I j

. ~41!

We are now able to evaluate all the elements ofC(t) in
Eq. ~11!, using Eqs.~10!, ~40!, and~41!. We obtain the fol-
lowing expression for the autocorrelation function:

C~ t !5(
j

S 11 i
s0
2

2
Ajt D 21/2

expH 2
i @qj~0!2qc#

2Ajt

2S 11 i
s0
2

2
Ajt D

2 iH ~ I j !t1 i2p j S I j2 n j

4 D J , ~42!

where the sum over the indexj involves all the reference
orbits makingj loops along a primitive periodic orbit during
time t. The equation defining the reference orbitj is Eq.
~36!, with the initial ~and final! conditions
„qj (0),q̇ j (0)50…. The Maslov indexn j in Eq. ~42! is the
one of the primitive orbit. Typically, all the primitive refer-
ence orbits have similar shapes and equal Maslov indices.

Equation~42! is the final expression for the semiclassical
autocorrelation function. It is one important result of this
paper, as it is valid for any one-dimensional time indepen-
dent system. Its simplicity lies in the fact that as soon as the
H(I ) function—the energy as a function of the action—is
known, all the ingredients are easily computed.

IV. COMPARISON WITH WKB QUANTIZATION

In the preceding Sec. III, we computed the autocorrelation
function of an initially localized wave packet using the dis-
tortion of a surface in phase space, whose points follow the
classical equations of motion. No quantization has been in-
troduced. Before turning to application to a specific system
~the hydrogen atom in a weak magnetic field!, we discuss in
this section the link between our semiclassical approach us-
ing time propagation and the standard ‘‘stationary’’ WKB
approach.

Related work has been done in the framework of
monotrajectory~linear! wave-packet dynamics. De Leon and
Heller @10# showed that at first order around the central tra-
jectory, the WKB spectrum is obtained using a monotrajec-
tory method. Once more, the difficulty comes from the
spreading of the wave packet, which limits the validity of the
method to the short time domain and consequently the accu-
racy of the computed energy levels. Littlejohn@12# also de-
rived the WKB spectrum from a monotrajectory wave-packet
propagation, introducing a fictitious parameter of evolution
~different from the usual time!.

Finally, it was numerically shown in the specific case of
the hydrogen atom@17#, that the Fourier transform of the
autocorrelation function obtained by the nonlinear wave-
packet dynamics has peaks located at the position of the
quantum~or WKB, as they coincide in the very special case
studied! levels.

In this section, we completely solve this problem for the
multiple trajectories~nonlinear! wave-packet dynamics. We
first show that if we keep the full set of reference trajectories,
but expand their properties~action, period, . . .! around the
central orbit of the wave packet at second order, we obtain
for the autocorrelation function Eq.~42!, a result which is
strictly equivalent to the correspondingsecond orderap-
proximation in the WKB method. Of course, this approxima-
tion breaks down at very long times. There, we analytically
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show that the Fourier transform of the autocorrelation func-
tion hasd peaks lyingexactlyat the positions of the WKB
energy levels.

A. Expansion of the reference orbits in the vicinity of the
central orbit

If the initial wave packet is well localized in phase space
~a basic assumption in the nonlinear wave-packet dynamics!,
all the reference orbits having an important weight start~and
end! in a small range of initial conditions around the center
of the wave packet. Thus, all these reference trajectories
have roughly similar actions and periods. In other words, at
any time t, the numberD j of reference orbits significantly
contributing to the autocorrelation function, Eq.~42!, is
much smaller thatj itself. Hence, we can use local approxi-
mations of the various classical quantities involved in Eq.
~42!. These local approximations are obtained by expansions
in the vicinity of the central orbit, defined as the classical
orbit followed by the initial center of the wave packet
(qc ,pc). At arbitrary time t, this central orbit is of course
not closed. We definej c , the noninteger value equal to the
number of loops performed along the central orbit in timet:

j c5
t

Tc
5

t

2p

]H

]I
U
I c

, ~43!

whereI c ,Tc are the action and period of the central orbit.
We now consistently expand the classical quantities refer-

ring to the reference orbitj in Eq. ~42! aroundj c at second
order in powers ofj2 j c . Note that such an expansion is
required for the last terms in the exponential, because they
rapidly oscillate withj , but not for the prefactor and the first
term of the exponential which are very smooth functions.

A straightforward calculation gives the following expres-
sion of the autocorrelation function:

C~ t !5
e2 iH ~ I c!t

A11 i
S2

2 S ]2H

]I 2 D
I c

t

(
j
expH 2ip j S I c2 nc

4 D

2
p2S2~ j2 j c!

2

11 i
S2

2 S ]2H

]I 2 D
I c

t J , ~44!

where we define

S25s0
2S ]I

]qD
qc

2

. ~45!

This sum over integer valuesj can be transformed using
the Poisson sum formula@18# to another sum over the integer
K:

C~ t !5
1

ApS2(K expS 2

SK1
nc
4

2I cD 2
S2

D
3expH 2 i FH~ I c!1S ]H

]I D
I c

S K1
nc
4

2I cD
1
1

2 S ]2H

]I 2 D
I c

S K1
nc
4

2I cD 2G tJ . ~46!

Consistently at second order, the term in the second expo-
nential is nothing but the classical HamiltonianH evaluated
at the actionK1nc/4:

C~ t !5(
K

expH 2
~K1nc/42I c!

2

S2 J
ApS2

e2 iEKt. ~47!

A comparison with Eq.~4! shows that this is exactly a
quantum autocorrelation function, with energy levels given
by

EK5HS I5K1
nc
4 D . ~48!

These energy levels are the classical energies where the ac-
tion, Eq. ~32!, is equal to

rperiod pdq52pSK1
nc
4 D , K integer. ~49!

For the simplest casenc52, the action is equal to a half
integer multiple of 2p. This is exactly the result of the WKB
quantization. Moreover, Eq.~47! shows that the coefficients
of the expansion of the initial wave packet onto the eigen-
states have a Gaussian distribution centered on the central
energy of the wave packet:

U E c* ~q,0!fK~q!dqU25 1

Ap(2 expH 2
~K1nc/42I c!

2

S2 J .
~50!

This proves that, at second order around the center of the
wave packet, the nonlinear wave-packet dynamics is exactly
equivalent to the usual WKB approximation.

Equation ~44! has additional consequences. Indeed, the
obtained autocorrelation function depends only on 3 inde-
pendent parameters. The first two,I c2nc/4 and]2H/]I 2, are
related to the period of the classical motion and to its disper-
sive character, while the third,S2, just specifies the exten-
sion of the wave packet. Equation~44! thus contains the well
known behavior of a one-dimensional wave packet@18#. At
short time, only one~or zero! reference trajectory signifi-
cantly contributes. Thus the autocorrelation function oscil-
lates periodically at the frequency of the classical motion.
After some time—depending on the dispersive character of
the dynamics and onS2—the wave packet broadens and the
autocorrelation function decreases@this is the role of the
prefactor in Eq.~44!#. At longer time, several reference tra-
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jectories interfere, leading to a collapse of the wave packet.
Finally, at long time, the differentj contributions may come
back in phase, leading to the so-called revival of the wave
packet@18#. An example of such a behavior is given in Fig.
3 and is discussed in Sec. V on a specific system. Equation
~44! proves that this behavior is universal among the one-
dimensional time independent systems.

At extremely long time, the second order expansion must
fail as the higher order corrections are multiplied by the time
t in Eq. ~42! and can thus become arbitrarily large. There, the
nonlinear wave-packet dynamics differs from the WKB ap-
proximation. As shown in Sec. V, the nonlinear wave-packet
dynamics gives a much better approximation to the exact
quantum result. The reason is not fully understood.

It is possible to get more insight into the compared prop-
erties of the two semiclassical methods by computing the
Fourier transform of the autocorrelation function:

C~E!5
1

2pE2`

1`

C~ t !exp~ iEt !dt. ~51!

If C(t) is the exact quantum autocorrelation function, then
C(E) displaysd peaks at the positions of the quantum en-
ergy levels. IfC(t) is the WKB autocorrelation function,
thenC(E) also displaysd peaks but at the positions of the

WKB energy levels. Nothing of that type can be proved for
the semiclassicalC(t), Eq. ~42!. However, for its approxi-
mation at second order, Eq.~44!, it is true that the Fourier
transform is discrete, which is already an important result.
Indeed, we started from an approximate expression for the
time propagator. As the~purely quantum! discreteness of the
energy spectrum implies delicate phase relations in the
propagator, it is unexpected that the approximations made
preserve this discreteness. It is an indication that nonlinear
wave-packet dynamics is even better than naively thought.

Although we are not able to calculate exactlyC(E) using
the semiclassicalC(t), Eq. ~42!, we can locate its main sin-
gularities. Indeed, substitution ofC(t) by its semiclassical
expression gives

1

2p(
j
E

2`

1`S 11 i
s0
2

2
Ajt D 21/2

expH 2
i @qj~0!2qc#

2Ajt

2S 11 i
s0
2

2
Ajt D

1 i @E2H~ I j !#t1 i2p j S I j2 n j

4 D J dt. ~52!

In this formula, we will perform the integral overt at
fixed j , and subsequently sum the variousj contributions.

As the integral overt runs between2` and1`, it is
asymptotically dominated by longtime, i.e., largej contribu-
tions @see Eq.~34!#. For such largej , the last two terms in
the exponential are rapidly changing. We can thus evaluate
the integral overt by the stationary phase approximation.
The phase of the integrand is

w j~E,t !5@E2H~ I j !#t12p j S I j2 n j

4 D . ~53!

Its derivative with respect tot is simply evaluated@taking
into account thatI j depends ont through Eq.~36!#:

]w j~E,t !

]t
5E2H~ I j !. ~54!

Thus, the phase is stationary when the reference trajectory
has precisely the energyE. It is not surprising that only
trajectories with precisely energyE significantly contribute
to the Fourier spectrum at energyE. Note that this trajectory
is the same for all thej values. Its action, denotedI E , is such
thatH(I E)5E.

The second derivative of the phasew j at the extremum
point E5H(I E) is

S ]2w j~E,t !

]t2 D
H~ I E!5E

5
4p2 j 2

t3
1

S ]2H

]I 2 D
I E

~55!

which gives

FIG. 3. Modulus of the autocorrelation function for an initially
Gaussian wave packet of the hydrogen atom in a weak magnetic
field. The wave packets considered here are purely angular wave
packets, obtained by linear combinations of the low-field diamag-
netic states with fixed value of the magnetic quantum numberm50
and fixed value of the principal quantum numbern05100 ~first
order perturbation theory!. Hence, the classical dynamics of the
system is effectively one-dimensional~see Fig. 1!. The autocorrela-
tion function is the overlap between the initial and the time propa-
gated wave packetŝc(0)uc(t)&. The unit of time is the classical
period of the central trajectoryTc ~trajectory of the center of the
initial wave packet!. Above ~solid line!, the result obtained by the
nonlinear wave packet dynamics, Eq.~42! and below, represented
as a mirror image~long-dashed line!, the result of the quantum
calculation in the same perturbative conditions. The collapse
(t.5Tc), fractional revivals (t.22Tc for the one third,t.33Tc for
the half revival!, and revivals (t.65Tc for the first one! of the wave
packet, are perfectly semiclassically reproduced, by taking into ac-
count the distortion of the wave packet in the vicinity of the clas-
sical trajectories closed at each timet.
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C~E!5

AS ]2H

]I 2 D
I E

A2pUS ]H

]I D
I E
U(j

eip/4t1/2

S 11 i
s0
2

2
Ajt D 1/2

3expH 2
i ~qE2qc!

2AEt

2S 11 i
s0
2

2
AEt D J expF2ip j S I E2

nE
4 D G ,

~56!

where AE ,I E ,qE , and nE characterize the trajectory with
energyE.

t and j are related by

S ]H

]I D
I E

5
2p j

t
. ~57!

The sum overj in Eq. ~56! is asymptotically dominated by
the large j values, for which thei (s0

2/2)AEt term is much
larger than 1. This gives the asymptotic contribution to
C(E), using Eq.~41!:

C~E!5
1

US ]H

]I D
I E
U

1

Aps0
2S ]I

]qD
qE

2

3expH 2
~qE2qc!

2

s0
2 J (

j

expF2ip j S I E2
nE
4 D G .

~58!

The latter sum is nothing but a sum ofd peaks:

C~E!5
1

US ]H

]I D
I E
U

1

Aps0
2S ]I

]qD
qE

2

3expH 2
~qE2qc!

2

s0
2 J (

K

dS I E2
nE
4

2K D ,
~59!

whereK is an integer.
This can be again rewritten as

C~E!5
1

Aps0
2S ]I

]qD
qE

2
expH 2

~qE2qc!
2

s0
2 J (

K
d~E2EK!,

~60!

whereEK are the WKB energy levels such that

EK5HS I5K1
n

4D . ~61!

Thus the Fourier spectrum of the autocorrelation function
has d peaks locatedexactly at the positions of the WKB
energy levels. At the second order, ones also rediscovers the

Gaussian distribution of amplitudes of the wave packet on
the eigenstates, Eqs.~47! and ~50!.

As mentioned above, Eq.~60! is not the exact Fourier
spectrum of the semiclassical autocorrelation function, but
only its leading singularities. Additional ‘‘background’’ espe-
cially coming from smallj contributions exist. As shown in
Sec. V, a simple numerical experiment proves that the lead-
ing singularities are dominant by far.

Thus, we can conclude that in the energy domain, the
nonlinear wave-packets dynamics is strictly equivalent to the
WKB method, as it gives exactly the same discrete spectrum.
In the time domain, it is not cleara priori which method is
the best. Numerical experiments in Sec. V show that the
nonlinear wave-packets dynamics gives more accurate re-
sults.

V. AN EXAMPLE: THE HYDROGEN ATOM IN A WEAK
MAGNETIC FIELD

A. The hydrogen atom in a magnetic field

Neglecting spin, relativistic, QED, effects, the Hamil-
tonian of a hydrogen atom in a uniform magnetic field along
theOz axis is, in atomic units@28,29#,

H5
p2

2
2
1

r
2

g

2
Lz1

g2

8
~x21y2!, ~62!

whereg5B/Bc andBc52.353105 T is the atomic unit of
magnetic field.Lz , thez component of the angular momen-
tum, is a constant. In the following, we consider only the
caseLz5m50.

The classical dynamics of the system depends on the
scaled energye5Eg22/3 @29#. At low magnetic field
(e!21), it is quasi-integrable; arounde520.5, a signifi-
cant part of the phase space turns chaotic; almost full chaos
is reached arounde520.13. The quantum energy spectrum
evolves in accordance with a change in the statistical prop-
erties of the energy levels@29,30#.

When the magnetic field is sufficiently weak, the diamag-
netic termV5g2(x21y2)/8 can be considered as a pertur-
bation. Quantally, this means that the degeneracy
(0< l<n21) of the Rydberg levels is removed, and that
each level of principal quantum numbern is split in n sub-
levels labeled by the new quantum numberK ranging from 0
to n21 @35#. The energy levelsEnmK and the associated
diamagnetic eigenstatesunmK& are obtained by diagonaliza-
tion of the perturbation inside a manifoldn. This is the so-
called ‘‘l -mixing’’ regime @31–33#. The diamagnetic eigen-
states are linear combinations of the usual sphericalunlm&
states for 0< l<n21 with field independent coefficients. Al-
ternatively, they can be expanded in the so-called ‘‘para-
bolic’’ basis @31#.

In the following, we study exclusively this low-field per-
turbative regime, wheren andm are good quantum numbers.
The wave packets to be considered are linear combinations
of unmK& eigenstates. As there is only one relevant quantum
numberK, this is an effectively one-dimensional problem.
The wave packets are thus purely angular ones along the
sphericalu coordinate, being completely delocalized along
the radial coordinate and the azimuthal angle. The quantum
calculations described in this section are obtained by the
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straightforward formula, Eq.~4!, where ufK&5unmK& are
the diamagnetic states, whose energies are

EK52
1

2n2
1

g2

8
^nmKux21y2unmK&. ~63!

In classical mechanics, the analog of the quantum first
order perturbation theory is the secular~or adiabatic! ap-
proximation@31#: the effect of the magnetic field is so weak
that the motion can be described as an instantaneous field-
free motion, that is a Kepler elliptical trajectory of the elec-
tron around the nucleus. The weak magnetic field induces a
slow secular motion of the parameters~orientation, major
axis, eccentricity! of the elliptical trajectory. The secular mo-
tion is described by an effective Hamiltonian, which is noth-
ing but the value of the diamagnetic perturbation averaged
over an unperturbed elliptical trajectory. The result is simply
expressed as a function of the constants of motion on an
elliptical trajectory: the angular momentumLW and the
Runge-Lenz vectorAW ~along the major axis of the ellipsis
with modulus equal to its eccentricity!:

LW 5rW3pW , ~64!

AW 5pW 3LW 2
rW

r
. ~65!

The expression for the effective secular Hamiltonian is

H5 K g2
x21y2

8 L 5
g2

64E0
2 ~L11!, ~66!

whereE0 is the ~constant! unperturbed energy and

L54AW 225Az
2 . ~67!

For the case we are interested in,Lz50, the secular mo-
tion can be simply described by a set of two canonically
conjugate coordinates:u the angle between thez axis and the
Runge-Lenz vectorAW , andL' the component of the angular
momentum perpendicular to the plane defined by the unit
vectoruW z alongz andAW @32#:

u5/~uW z ,AW !,

~68!

L'5LW •
uW z3AW

iuW z3AW i
.

The Poisson bracket is the canonical one:

$L' ,u%51. ~69!

The original three-dimensional problem is thus reduced—
using the constancy ofLz and the secular approximation—to
a one-dimensional problem whose phase-space variables are
(q,p)5(u,L'). In these coordinates, the effective Hamil-
tonian, Eq.~66!, is

L~u,L'!5~5 sin2u21!~112E0L'
2 !. ~70!

The equations of motion are obtained using the usual
Hamilton’s equation:

du

dt
5$H,u%5

g2

16E0
@5 sin2~u!21#L' ,

~71!

dL'

dt
5$H,L'%52

g2

64E0
25 sin~2u!~112E0L'

2 !.

This one-dimensional Hamiltonian system can be solved
by elementary quadratures. There are two possible types of
motion, depending on the sign of the constantL. The sepa-
ratrix between the two types of motion isL50 or, equiva-
lently is associated with a critical value of the angleu
@31,32#

ucr5arcsinSA1

5D'0.4636. ~72!

For u0<ucr or u0L>p2ucr (21<L<0), the secular mo-
tion is an oscillation of the Runge-Lenz vector around theOz
axis, and is called vibrational. Forp2ucr>u0>ucr
(0<L<4), the secular motion in an oscillation of the
Runge-Lenz vector around thez50 plane, and is called ro-
tational. Equation~70! shows thatu oscillates between 0 and
umax ~or p2umax and p! for the vibrational motion, and
umax andp2umax for the rotational motion, with

umax5arcsinSAL11

5 D .
B. Analytical results for the secular motion

We now compute all the quantities needed for the semi-
classical propagation of wave packets and calculation of the
autocorrelation function, Eq.~42!. For all these quantities—
action-angle coordinates, energy and its first two derivatives
with respect to the action, monodromy matrix, and Maslov
index—we are able to obtain analytic results as functions of
elliptic integrals. In the following, we consider a trajectory as
a solution of Eq.~71!. It is characterized by a set of initial
conditions„u(0),L'(0)….

The first quantity to compute is the action variable along a
trajectory I5rL'du/2p as a function of the energy, which
implicitly determines the functionH(I ) needed in Eq.~42!.
The result is easily expressed as a function ofL and involves
elliptic integrals of the first and third kind@36#

K~r !5E
0

p/2 df

A12r sin2~f!
, ~73!

P~p,r !5E
0

p/2 df

@12p sin2~f!#A12r sin2~f!
. ~74!

We obtain
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I v~L!52
L

p
A 1

22E0~42L!FPS 11L,
4~11L!

42L D
2KS 4~11L!

42L D G~vibrational!, ~75!

I r~L!5
L

p
A 1

22E0~11L!FPS 42L

4
,

42L

4~11L! D
2KS 42L

4~11L! D G~rotational!. ~76!

The period of the motion then follows directly from Eq.
~34!:

Tv~L!5
16~22E0!

3/2

g2A42L
KS 4~11L!

42L D ~vibrational!,

~77!

Tr~L!52
16~22E0!

3/2

g2A11L
KS 42L

4~11L! D ~rotational!.

~78!

Note that for the rotational motion, the energyH, i.e., L,
decreases with the actionI r . The rotational period is thus
negative. This simply means that negative values of the in-
teger j have to be included in the sum, Eq.~42!.

The next term needed to calculate the autocorrelation
function is the quantityAj , Eq. ~41!, which can be rewritten
as

A52
25g2sin22u~0!

64E0
2

]T

]L

T~L!
, ~79!

which holds for both vibrational and rotational cases, with
the respective form for the periods. Equations~77! and ~78!
give @denoting:K8(r )5dK/dr#

]Tv
]L

5
g2

32~22E0!
3/2

Tv~L!2

KS 4~11L!

42L D 2A42L

3FKS 4~11L!

42L D140

K8S 4~11L!

42L D
42L

G , ~80!

]Tr
]L

5
g2

32~22E0!
3/2

Tr~L!2

KS 42L

4~11L! D
2

A11L

3FKS 42L

4~11L! D1
5

2

K8S 42L

4~11L! D
11L

G . ~81!

The last classical quantity needed is the Maslov index.
For all rotational trajectories~the ones studied hereafter!,
there are just two turning points atumax andp2umax and
thusn52.

C. Semiclassical calculations

We have applied the nonlinear wave-packet dynamics to
an initial wave packet:

c~u,t50!5~ps0
2!2 1/4 expH 2

~u2uc!
2

2s0
2 J . ~82!

Indeed, as explained in Sec. III, in order to simplify the
calculations, for a given trajectory~central or reference!, we
start from a Kepler ellipse making an angleu(0) with theOz
axis, in an extremal positionumax5u(0), which here implies
in additionL'50.

Then, to evaluate the autocorrelation function Eq.~42! at
time t, we determine all the values ofL such that@see Eq.
~35!#

t5 jT~L j ! ~83!

in a certain interval imposed by the widths0 of the Gauss-
ian. In all the calculations and figures presented hereafter, the
necessary truncation of the sum inj is such that the error on
the autocorrelation function is negligible.

When these reference trajectories are determined, the
equations derived in Sec. V B allow us to calculate the au-
tocorrelation function Eq.~42! for a state of energyE0 of the
hydrogen atom perturbed by a weak uniform magnetic field.

D. Quantum calculations

All the results presented in this section concern the hydro-
gen atom in a weak uniform magnetic field. In this case, the
quantal equivalent of the state, Eq.~82!, is an extremal
eigenstate of energyE0521/2n0

2 of the hydrogen atom
without magnetic field, having the maximum value (n021)
of the Runge-Lenz vectorAW along the direction making an
angleuc with theOz axis.

We have calculated that it is indeed a wave packet whose
distribution on the quantum eigenstates of energyEK ob-
tained by diagonalization of the diamagnetic perturbation,
Eq. ~66! inside the manifold of energyE0 is approximately

z^c~0!ufK& z}expS 2
~uK2uc!

2

2s0
2 D ~84!

with

s0
25

1

n0
. ~85!

We then have an exact quantum calculation with which to
compare our semiclassical results.

In all the figures, the initial state is chosen such that
uc50.8 ~corresponding to a rotational motion! and
n05100. As we are using first order perturbation theory, the
magnetic field strength is unimportant. Indeed, if one uses
the classical period of the central orbit as unit of time, the

1268 53KARINE DUPRET AND DOMINIQUE DELANDE



autocorrelation function is independent ofg. The energy
spectrum itself is of courseg dependent. We usedg51027

a.u., that is roughly 0.0235 T.

E. The autocorrelation function

In all the figures shown, the solid line is the autocorrela-
tion function obtained from the nonlinear wave-packet dy-
namics, Eq.~42!, the long-dashed line is the exact quantum
result, and the dotted line is the autocorrelation function ob-
tained by WKB semiclassical quantization@WKB energy
levels in Eq.~4!, and initial Gaussian distribution#.

Figure 3 shows the comparison, over more than 70 clas-
sical periods of the motion, between the moduliuC(t)u of the
semiclassical and quantum autocorrelation functions. We see
that, although no quantization has been introduced in the
nonlinear wave-packets dynamics, which deals only with
classical trajectories, the quantum autocorrelation function is
almost perfectly reproduced. At short time, the autocorrela-
tion function comes back close to its initial maximum value
1 at integer multiples of the classical period. This corre-
sponds to a still localized wave packet following the classical
evolution. There, only one reference orbit significantly con-
tributes to the semiclassical autocorrelation function, result-
ing in a simple analytic form. However, the successive
maxima are lower and lower, indicating a dispersion~col-
lapse! of the wave packet@18#. In Eq. ~42!, this corresponds
to the slowly decreasing prefactor of the exponential. Around
t54Tc , the wave packet has sufficiently spread for its head
to interfere with the tail. The autocorrelation function then
looks very complicated. It results from the interferences be-
tween several reference trajectories.

At a longer time, aroundt565Tc , C(t) is again very
large, almost reaching 1. This is the quantum ‘‘revival’’ of
the wave packet@18#. In the quantum autocorrelation func-
tion, Eq. ~4!, it appears as a local rephasing of the contribu-
tions of the various eigenstates. In the semiclassical picture,
Eq. ~42!, it appears as a constructive interference between all
the reference trajectories. From Eq.~44!, we deduce the ex-
pression of the revival time:

Trevival5
2p

S ]2H

]I 2 D
I c

, ~86!

which is in excellent agreement with the observation in Fig.
3. At intermediate times, one can see ‘‘fractional revivals’’
@18# where only a subset of the eigenstates~or a subset of the
reference trajectories: they are related via the Poisson sum
formula; see Sec. IV! interfere constructively.

In Fig. 4 we show that the agreement is not only global,
but that the details of the quantum autocorrelation function
are very accurately reproduced by the nonlinear wave-packet
dynamics. They are better reproduced than using the WKB
quantization.

In Fig. 5, we show the different autocorrelation functions
at very short time, when only one or two reference trajecto-
ries are used to calculate the autocorrelation function. Even
in this case, the nonlinear wave-packet dynamics result is
much closer to the quantum result than the WKB result. Note
that, instead of using the distribution Eq.~84! in Eq. ~4!, we

also used the exact quantum overlaps: the nonlinear wave-
packets dynamics is still much better than the WKB quanti-
zation.

In Fig. 6, results are shown at extremely long time~almost
6000 classical periods!. We then see that both nonlinear
wave-packet dynamics and WKB results are a little out of
phase from the quantum result, but that the nonlinear wave-
packet dynamics reproduces very well the quantum shape
when WKB can be very different.

Nonlinear wave-packet dynamics provides not only a bet-
ter understanding of the semiclassical limit than WKB quan-
tization, but is also much more accurate in the time domain.
For very long times, it is the most efficient semiclassical
method available.

FIG. 4. Detail of Fig. 3: autocorrelation functions corresponding
to the propagation of the same initial Gaussian wave packet~elec-
tron of the hydrogen atom in a weak uniform magnetic field! by
three different methods: quantum~long-dashed!, nonlinear wave-
packet dynamics~solid line!, and exact WKB semiclassical quanti-
zation ~dotted line!. The nonlinear wave-packet dynamics repro-
duces much more accurately the quantum behavior than the WKB
quantization, although no explicit quantization has been introduced.

FIG. 5. Same as Fig. 4, but after few classical periods only,
when the different parts of the initial wave packet have just spread
sufficiently to interfere. The bumps att53 andt54 represent the
initial wave packet returning to its initial position after three and
four classical periods, the fringes in between are due to interfer-
ences between the head and the tail of the wave packet. Once again,
the nonlinear wave-packet dynamics reproduces more closely the
quantum result than the WKB method.
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F. Fourier spectra in the energy domain

Additional information on the nonlinear wave-packet dy-
namics can be obtained from the Fourier spectrumC(E), Eq.
~52!. For the exact quantum autocorrelation function and
when the Fourier transform is performed on an infinite time
interval, it displaysd peaks at the positions of the energy
levels. When the Fourier transform is performed on a finite
range, the peaks are just broadened. The same is true for the
WKB autocorrelation function, except that the peaks lie at
the WKB energy levels. Starting from the semiclassical ap-
proximation of the autocorrelation function, Eq.~42!, noth-
ing ensuresa priori that the Fourier spectrum will display
discrete peaks.

In Fig. 7, we show such a spectrum, compared to the
exact quantum spectrum. The height of the quantum peaks is
the overlapz^c(0)ufK& z2 corresponding to the energyEK ,
quantally calculated as explained above@see Eq.~4!#. The
time interval is 80 classical periods, which is largely enough
to resolve the individual energy levels. It is remarkable that,
without any explicit quantization, the nonlinear wave-packet
dynamics is able to reproduce thetotality of the quantum

FIG. 7. Fourier transform of the autocorrelation function of Fig.
1, obtained semiclassically by the nonlinear wave-packet dynamics
~time interval for the Fourier transform5 80 classical periods!,
compared to the quantumd peaks, located at the energy levels
EK , and whose amplitudez^c(0)ufK& z2 are the overlaps between
the initial wave packet and the eigenstatesufK& of the system. The
totality of the quantum spectrum is perfectly reproduced by the
semiclassical method.

FIG. 8. Fourier transform of the semiclassical autocorrelation
function performed over a very long time (.2500 classical peri-
ods!. What could not be seen in Fig. 7 is now visible: the levels
obtained by Fourier transform of the semiclassical autocorrelation
function, Eq.~42!, are equal to the WKB energy levels, and not to
the exact quantum levels. It is a remarkable property of the nonlin-
ear wave-packet dynamics to give an autocorrelation function, Eq.
~42!, which has an almost discrete Fourier spectrum.

FIG. 9. Same as Fig. 7, but the Fourier transform is now per-
formed over a very short time interval,. 2.5 classical periods of
the central trajectory of the initial wave packet~two first peaks of
Fig. 3!. Here, the spreading of the wave packet is such that the
semiclassical autocorrelation function is computed using onlyone
reference trajectory in Eq.~42!. Nevertheless, the discrete character
of the energy spectrum is already visible with a good accuracy. This
proves that purely quantum properties can be obtained without in-
terferences between different trajectories. In fact, the Fourier trans-
form allows us to observe the interference between one primitive
trajectory and its repetitions at longer times.

FIG. 6. Same as Fig. 4, but after a very long time: almost
6000 central classical periodsTc . The autocorrelation functions
obtained by the quantum treatment~long-dashed! and the nonlinear
wave-packet dynamics~solid line! have a very similar shape, except
that they are slightly out of phase. The WKB result~dotted line! is
similarly out of phase, but the shape of the autocorrelation function
is much worse. This figure proves the outstanding efficiency of the
nonlinear wave-packet dynamics, even at extremely long times.
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energy spectrum. This implies that the various approxima-
tions done to obtain Eq.~42!—semiclassical approximation
for the Van Vleck propagator and grouping of the various
classical trajectories in sets whose global effect is repre-
sented by a single reference trajectory—preserve almost ex-
actly the discrete nature of the Fourier spectrum.

Figure 8 is analogous to Fig. 7, but with a far better reso-
lution, since it has been performed over a time interval of
2500 classical periods. The peaks are much narrower~and
still Fourier limited!, which makes it possible to observe that
they do not lie exactly at the positions of the quantum energy
levels, but rather at the WKB energy levels in agreement
with the discussion in Sec. IV. It is not yet clear why, in the
time domain, the nonlinear wave-packets dynamics is much
closer to the quantum result than the WKB result, while they
give the same energy levels.

But even more striking is Fig. 9, where we show the Fou-
rier transform of the semiclassical autocorrelation function
over a very short interval of time (. 2.5 classical periods
Tc of the central trajectory of the initial wave packet!. There
is only one single reference trajectory which contributes to

the autocorrelation function, Eq.~42!. But we see that the
individual energy levels are nevertheless resolved. This im-
plies that, contrary to a commonly accepted statement, there
is no need to have interferences between different classical
trajectories to obtain a quantized discrete energy spectrum.
We here have quantum mechanics without interferences. Of
course, this is not exactly true: interferences are indeed
present in Eq.~42!, even when the sum overj is reduced to
only one term. This is because different closed reference tra-
jectories are involved, depending on the timet considered. It
is in this respect very different from Ref.@10#, where the
WKB spectrum was obtained through a wave packet propa-
gated around one trajectory fixed in advance. In fact, what
happens here is that the same reference trajectory is involved
at timet and at time 2t. Then, through the Fourier transform,
the interference between two identical trajectories at differ-
ent times produces the pattern of energy levels. It is the
analog of an optical multiple wave interferometer—such as a
Fabry-Pe´rot interferometer—considered here in the time do-
main.
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