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Nonlinear wave-packet dynamics for a generic one-dimensional time-independent system and its
application to the hydrogen atom in a weak magnetic field
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We study the time propagation of an initially localized wave packet for a generic one-dimensional time-
independent system, using the “nonlinear wave-packet dynani@sTomsovic and E. J. Heller, Phys. Rev.
Lett. 67, 664 (1991)], a semiclassical approximation using a local linearization of the wave packet in the
vicinity of classical reference trajectories. Several reference trajectories are needed to describe the behavior of
the full wave packet. The introduction of action-angle variables allows us to obtain a simple analytic expres-
sion for the autocorrelation function, and to show that a universal behéyi@ntum collapses, quantum
revivals, etc). is obtained via interferences between the reference trajectories. A connection with the standard
WKB approach is established. Finally, we apply the nonlinear wave-packet dynamics to the case of the
hydrogen atom in a weak magnetic field, and show that the semiclassical expressions obtained by nonlinear
wave-packet dynamics are extremely accurate.

PACS numbgs): 03.65.Sq, 32.66i, 31.15.Gy, 31.50+w

I. INTRODUCTION matrix element(q’|U(t)|q) of the evolution operator—is
expressed as a sum over all possible péthassical as well
The understanding of the transition between the classicas nonclassical ongsonnecting the initial point to the final
and quantum behavior of a physical system is a very excitingpoint, the phase being the classical action along the path
challenge for the physicist. The key parameter is the ratio oflivided by7. In the semiclassical limit, the sum is computed
the classical action along a typical short closed trajectory ta!Sing a stationary phase approximation. The action being
the Planck constarit. There are two separate ways to con- Stationary alonglassicalpaths, this results in the so-called
sider the problem. The first one, and also the more investi¥an Vleck semiclassical propagator, written here for simplic-
gated so far, is to solve the time independent Sdimger ity for a one-dlmenspnal systefextension to multidimen-
equation(for a time-independent systerim the limit of large ~ SioNa! systems is straightforward
guantum numbers, and try to express the quantized energy

. ) M ) 1 1/2 (92Sp(q,q,,t) 1/2
levels in terms of classical quantities. The second one is to (q'|U(b)]g)= _) > |
study the time evolution of the closest quantum analog of a 2mifh P 9999
classical particlda localized wave packgethrough the time iS,(q,q',t) imv
dependent Schdinger equation, and to determine how it is X ;{ P h . 2 p), 1)

linked to classical trajectories.

The simplest illustration of the first approach is the WKB where the index labels all the classical trajectories going

method[1] for time-independent one-dimensional systems. Arom qtoq’ in timet. The actionS, and the Maslov index
certain form of solution of the time-independent Sainger v, are classical quantities. P

equation is assessed, in which the phase term is expanded iﬁThis semiclassical propagator can be converted from the
powers off. The boundary conditions can be satisfied onlytime domain to the energy domain with a second stationary
for specific values of the energy. This quantization conditionphase approximation, leading to the semiclassical Green
has a simple physical interpretation: the energy levels correfunction of the system. The latter can be used to compute the
spond to classical trajectories where the action is a halfgensity of statesthis involves a third stationary phase ap-
integer multiple of the Planck constant. This method can bgyroximation). For system with “hard chaos{only isolated
extended to multidimensional integrable systefihss then  unstable periodic orbijs the final result is the so-called

called the EBK method1]), when the number of classical Gutzwiller trace formulgwritten here for two-dimensional
constants of motion is equal to the number of degrees of2D) systemg

freedom. It can further be used for quasi-integrable systems

(the so-called “torus quantization®when the classical mo- _ 2 T,
tion, although not strictly integrable, is mainly regular, but it d(E)=d(E)+Im _—
cannot be used for chaotic or mixed regular-chaotic systems. b mhyde(M,—1)
Another way of obtaining the energy levels and stationary is i
states has been pioneered by Gutzwillg]. It relies on a wexg =P _ eT %)
different approach. The Feynman path integral is a formula- fi 2

tion of quantum mechanics equivalent to the Sdimger _
equation. The amplitude of an elementary quantuniThe first termd(E) is a smooth functionThomas-Fermi
process—going from poing to pointq’ in timet, i.e., the  approximation, and the second term is a sum over periodic
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orbits having actior§;, periodT,, Maslov indexv,, and  an expansion in the vicinity of the center of the wave packet.
whereM, denotes the classical stability matrix of the peri- Although it is true that the center evolves according to the
odic orbit (also called monodromy matpix Importantly, classical equations of motion, the wave-packet spreading
similar expressions can be obtained for integrable systemémits the relevance of this approach to short times. To go
where periodic orbits are not isolat¢d]. There, it can be further, one has to realize that the distortion of the wave
shown to beequivalentto the EBK quantization method. packet is also mainly governed by classical equations. In

During the last few years, considerable effort has beemlassical mechanics, the initially localized wave packet de-
devoted to the study of periodic orbit expansions pioneeredelops more and more intricate structures in phase space as
by Gutzwiller [3-5]. The goal is to be able to compute the time goes on. So does the quantum wave packet: as time
approximate positions of the quantum energy levels from théncreases, the evolution of the wave packet cannot be de-
classical periodic orbits. This is in practice very hard to do,scribed by a single distorted wave packet, but different local
because of the sum over all classical periodic orbits whosapproximationgdepending on which part of the wave packet
number increases exponentially as a function of the periodne is interested jrhave to be used. This is the key point of
for classically chaotic systems. the “nonlinear wave-packet dynamic§14—17.

To overcome the difficulties of periodic orbit expansions, In order to illustrate the principle of the method, let us
a simple idea is to come back to the propagator in the timeonsider an interesting quantum quantity: the overlap be-
domain and use it to propagatave packetsvarious meth- tween the time propagated and the initial wave packaats
ods have been used for regular or chaotic systgrsl3.  tocorrelation function If ¢(q,t) denotes the wave packet,
The simplest idea—the so-called linear wave-packethe autocorrelation function is written as
dynamics—is to expand the semiclassical propagator in the
vicinity of the wave-packet center and use such an expansion
for propagating the quantum wave packietr a review, see
[11]). The difficulty is that, at long times, the initially local-
ized wave packet spreads in phase space—very rapidly when It gives an idea of how different a wave packet is from its
the classical dynamics is chaotic—and any localization ignitial shape. It is also a quantity which can be experimen-
consequently lost at long times. In other words, any locatally measured, see recent experiments using atomic wave
expansion in the vicinity of the wave-packet center can onlypackets excited with short pulsed lasg2§—22. The auto-
be valid for a relatively short time. To overcome such a prob-correlation function is simply related to the eigenstates and
lem, “multiple trajectories” methodg8-10,14—-17 have energy levels of the system through the equafiobtained
been studied. The most efficient one—called nonlinear waveby expanding the propagatdd(t)=exp(—iHt/#) on the
packet dynamics—has been developed by Heller and caigenstatels
workers[14—17. In the past few years, it has been success-
fully used in several systems, regular and chaotic: it is _ _ _ 2 iEWt/h
possible to reproduce the quantum interferences and spectrzac(t)_<‘/’(o)|u(t)|‘/’(0»—; [(g(t=0)| P )"~ =K.
without any explicit quantization, looking at the classical (4)
evolution in phase space.

Section Il of this paper describes the nonlinear wave{¢y) and Ex are the eigenstates and energy levels of the
packet dynamics. In Sec. lll, we show how the method carsystem. In Eqg.(4), one sees that the quantized states can
be used to describe any time-independent one-dimensionalterfere destructivelycollapse$or constructively(revivalg
system, resulting in a universal behavior, among which ar¢18], depending on the various energy levels and eigenstates.
the well-known quantum collapse and quantum revival phe- In order to estimate a semiclassical approximation of the
nomend 18]. We demonstrate its explicit connection with the autocorrelation function, we use the semiclassical Van Vleck
standard WKB method in Sec. IV. Finally, in Sec. V, we usepropagator, Eq(1), in Eq. (3), which gives
these results to study the behavior of a hydrogen atom in a
low magnetic field. This is a first step towards a semiclassi- 12

cm—J y*(a, 0){( Iﬁ) J >

C(t)=<lﬁ(0)|lﬂ(t)>=f Y (a,t=0)y(aq.t)da. (3

azsp(q,!Q!t) V2

dqdq’
Xexp(is"(qu—i%)lp(q',O)dq']dq, )

We here describe the nonlinear wave-packet dynamicsvherep labels all the classical trajectories which ligkto g
The method relies on the fact that the wave-packet is initiallyduring the timet. As ¢(q) is important only in a limited
small compared to the phase space volume. Indeed, the phasgion of space, the trajectories starting from various initial
space volume of a wave packet—as it can be intuitively seepoints g and ending at various pointg’ having similar
through the Wigner quasi-probability density,(q,p,t) shapes can bgroupedtogether. The total contribution of a
[19]—is of the order ofzN, whereN is the number of de- given family of orbits can be estimated using a local expan-
grees of freedom. Therefore, the wave packet can be timesion to the classical quantities entering in E8). This local
propagated using a local approximation of the Van Vleckexpansion has to be done in the vicinity of a “reference”
propagator(or, equivalently, by a local expansion of the trajectoryj roughly situated at the “center” of the family of
time-dependent Schdinger equation The simplest ap- trajectories. The quantity inside the braces in E5), when
proach, worked out by Helldi6,7] and Littlejohn[11], uses estimated by such a local approximation, represents a local

cal description of this system in a strong magnetic field,
when the classical dynamics is chaotic.

II. NONLINEAR WAVE-PACKET DYNAMICS
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each point of the surface having a different initial condition.
orth T. is the classical period of the motion of the center of the
t=10T, initial wave packet. After time OB, there is no overlap
between the initial and propagated surfaces: no reference tra-

0.5 jectory is found and the autocorrelation is consequently
equal to O(within the degree of approximation we use; of
course, the exact autocorrelation is not strictly 0, but vanish-

0.0 ¢ ingly small). After one classical periodk € T.), there is one
intersection between the initial and propagated surfaces, at

05 t=0 the center of which we choose the reference trajectory: only

one reference trajectory will contribute to the autocorrelation
function, and the linear wave-packets dynamics still holds.
But after ten classical period$=€ 10T.), there are three dis-
10,5 0.2 04 06 08 10 9™  tinct intersections and three different reference trajectories
are needed to evaluate the autocorrelation function(&qg.

FIG. 1. Distortion with time of the phase-space region where the The great advantage of looking at the projection of the

Wigner function of the initial localized wave packet takes its maxi-WaVe packet in phase space through the Wigner transform is

mum values. It is drawn here for a hydrogen atom in a weak mag;o be able to select the proper sgtsf classical trajectories,

netic field, a problem which is effectively a one-dimensional prob-and to replace the propagatlon along all the t.rajector.le.s_of
lem when described in the canonical variables (6) (see Sec. ¥ one set by the propagatlon of the Waye paF:ket in the vicinity
At t=0, since the wave packet is Gaussian, this surface is an eIIinf one reference trajectory for each getThis method also
sis(shadeil T, is the classical period of the motion of the center of ShOWs clearly the link between classical and quantum me-
the initial wave packetmost probable location at=0). The initial ~ chanics: since the particle is represented by a volume in the
wave packet is propagated according to the classical equations §antum phase spadé is a point in the classical phase
motion, and distorts since each point is the initial condition of aspace, there are several intersectiopspossible, and then
different probable trajectory of the particle. After a time 1,5 interferences.
there is no overlap between the initial and propagated surfaces: the
autocorrelation functiorC(t)= [ ¢*(q,t=0)(q,t)dq is (at this lIl. ONE-DIMENSIONAL TIME INDEPENDENT SYSTEM
degree of approximatigrequal to 0. Aftert=T,, there is one in-
tersection between the propagated and initial wave packets: to In this section, we use the nonlinear wave-packet dynam-
evaluate the autocorrelation function, only the distortion of theiCs to study a general one-dimensional time independent sys-
wave packet in the vicinity of the central trajectory is needed. Buttem, for which the classical Hamiltonian will be written
for t=10T,, there are three distinct intersections between the initiaH(q,p). We here bring together results and techniques al-
and propagated wave packets: the distortions of the initial waveeady worked out in the context of wave-packet dynamics
packet along those three reference trajectories are needed to cal@and show how they can be used for the nonlinear wave-
late the autocorrelation function, E(#2). packet dynamics. In Sec. lll A, we recall the basic formula
for the autocorrelation function already derived by Heller
approximationy;(q,t) of the initial wave packet propagated and co-workerg17]. In Secs. lll B and Il C , we study the
during timet. This is an “elementary” wave-packet solution propagation of an elementary wave packet alongirgle
of the Schrdinger equation expanded in the vicinity of the reference trajectory, using the techniques worked out for the
classical reference trajectoyy It is important to note that the linear wave-packet dynami¢8,11]. In Sec. Il D, following
expansion isnot made around the wave-packet center, butthe work of Littlejohn[11,12, we show that for a general
around a classical trajectory relevant for the part of theHamiltonian[not necessarily of the forn =p?/2+V(q)],

t=0.5T,

propagated wave packet one wants to describe. the use of action-angle coordinates leads to substantially
The total autocorrelation function is obtained as a sunsimpler results. The final formula—to be used in the follow-

(thus including interference termever the varioug contri-  ing sections—is obtained in Sec. Il E. Although none of the

butions: ingredients used is fully original, it is the first time to our

knowledge that they are put together in the framework of

. multiple trajectories(nonlineaj wave-packet dynamics in a
C(t):; f ¥*(9,t=0)¢;(q,t)da. (6)  comprehensive study.

Classical mechanics tells us how to choose the reference A. Calculation of the autocorrelation function

trajectories. This is illustrated in Fig. 1, in the case of the The conservation of energy gives one constant of motion:
hydrogen atom in a weak magnetic field. It is a one-since the system is 1D and time independent, it is integrable.
dimensional problenisee Sec. ¥, and the projection of a It is now experimentally possible to excite very localized
localized wave packet in phase spdis Wigner distribu-  wave packet§20—25. Quantally, the coherent sum of eigen-
tion) is then a surface. In Fig. 1, we show the initial wave states is such that the probability density is peaked with
packet(shaded represented by an ellipsis in the case of aminimum fluctuationgminimum phase space size f: this
Gaussian wave packet, and the time propagated wave pacis-a Gaussian wave packet. Besides, we know that a Gaussian
ets in phase space. We have plotted the distortion of thevave packet does not spread in a harmonic potential, and
initial wave packet through the classical equations of motionthat the quantum averages for such a wave packet are the
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classical ones. We will then start from such a wave packeteach elementary wave packet, the procedure is equivalent to
initially at position g, with momentump.,, whose wave monotrajectory(linear) wave-packet dynamics, which has
function is(we usefi =1 throughout the rest of this paper been widely studied6,11].

_ 2
Y(g,t=0)= (wa%)lmexp{ ip(q—0c) — (qz—qzc)] . B. Evolution of the wave packet along a reference trajectory
g
0 (7) In this section, we derive the equations of propagation for
an elementary wave packet evolving along the reference tra-
The width oy is an arbitrary parameter which we can jectory j. From the preceding section, we know that quan-
choose freely. The Wigner transforfi9] of such a wave tally the wave packet will evolve along the trajectgryvith

packet gives its density quasiprobability in phase space: the Schrdinger equation:

—q.)2 agi(q,t)  ~
Pw(p,q)=exp{—oé(p—pc)2—%]- ®) i—"’tﬁ? )=Hj(q,p,t)wj(q,t), (12)
0

It is obviously Gaussian ip andqg and has an “area” equal where (,q) denote quantum operators:

to 1, the value of the Planck constant in our units. One can

imagine it as a set of initial conditions, and thus of possible hod

trajectories with a Gaussian weight. p=—-—. (13
As explained in Sec. Il, in order to semiclassically esti-

mate the autocorrelation function, we have to look at the. = = o ]

distortion of the wave packet along reference trajectorieddj(d;p.t) is the quantum Hamiltonian of the particle ex-

which are closed after timé, and which are localized in Panded to second order aroutwj(t),p;(t)), to account for

phase-space regions where the initial wave packet takes large local behavior of the wave function in the vicinity of the

values. A second order expansion of the Hamiltonian in thdeference trajectory. _ _ _

vicinity of the reference trajectory leads to a propagated Using Hamilton’s equations for classical motion, we ob-

wave packety;(q,t) which is still a Gaussian wave packet tain for the quantum Hamiltonian

written as

o H;(@.D.1) = H(g;(1),p; (D) +a;(D[p—p;(D)]
Pi(q,t)=(mop) expli{&(H)[q—a;(t)]

: . Ku(j,t) 2
+a;()[q—a;() 12+ ¥ (D). 9) —Pi(Oa—a;(O]+ ——[a—a;(1)]
When the wave packet evolves with time, the functions Ki(j,t) . ) Koi(j,t)
& (1), a;(t), and () express the distortion of the wave +— —la-qOllp—p O]+ —
packet whose center travels along the classical trajectory
(q;(t),p;(t)). Their initial conditions are easily derived from - . Koo(j,t) .
Eq. (7): X[p=py(DI[a—0 (D] + —5 —[p—pi()]2
i[g;(0)—ac] (14

£(0)=pet ——7——,
0 where the dot denotes the derivative of a classical quantity
i with respect tot and K;,(j,t) matrix contains the second
aj(o):F’ derivatives of the Hamiltonian with respectdop along the
9o trajectoryj (see below:. It is a purely classical quantity, con-
. trary to g and p which are quantum operators. Besides,
0ot I[QJ(O)_qc]) (100 the conservation of energy impliesH(q;(t).p;(t))=
¢ 20(2) ' H(q;(0),p;(0))=E;. Note, however, thaE; is not the cen-
tral energy of the wave packet, it is just the energy of the
The autocorrelation function can then be rewritten as geference trajectory.

7i(0)=[a;(0)—qc]

sum (over _al! _the reference trajectorjesf the overlaps be- ﬁj(ﬁ,ﬁ,t) is then an operator quadratic ini%d/dq and
tween the initial wave packet and the elementary propagategl_ Plugging Egs.(14) and (9) in Eqg. (12), one obtains
wave packetsy;(q,t) [17]: coupled ordinary differential equations for the functions
20(0) 112 &;(1),aj(t), andy;(t), which we call “distortion” equations
a; . : . . )
C(t)= 2 ( _l - ) eXpI |( ¥i(t)— yj*(O) as they describe the distorsion of an elementary wave packet:
7\ aj(t)—aj(0)
. (Kot K
_ [fj(t)_fl*(o)]z )} an &=p;—| 2Ky + HTM) (&-p)), (15)
;)= af (0]
In the following, we determine the quantitiesé, y rela- S K_ll_ " o 2
tive to each elementary propagated wave pagkéd,t). For “i y ~ (KaatKaraj=2Kpnaf, (16
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1 My()ag+iM (1)
| =3 M2+ M0 o
(17

wherep;=pj(t) andq;=q;(t) are solutions of the classical
equations of motion for the trajectojy Remember that the
K matrix is time dependent.

Kz
Kzza’j + 7

: : K22 :
Yj:_Ej+ijj_7(§j—Dj)2+l

Knowing «a(t), we can proceed solving Eq$l7) and
(15). From Eq.(20), we deduce

5q(t) op(t)
3q(0 =Ka(t) +Koy(t) 3q(0)
C. Solutions of the distortion equations along a reference q q
trajectory =Kay(t) + K1) 2a(t). (25)

We first solve the differential equation fes , Eq.(16). In _ _
this section, we drop the inde) since the equations are SinceKiy(t)=Kzy(t), Eq. (15) can be written
similar for all the trajectorie$. All the derivatives are taken

along the reference trajectoty(t),p(t))= (q;(t),p;(t)). &) —p(b) ~ o 8q()
Let us consider a classical trajectdiy (t),p’(t)) neigh- EH—-pt)  sq(t)’ (26)
boring the trajectorq(t),p(t)), and denote
, the general solution of which is
aq(t)=q"(t)—q(t),
(18 £ p(t) = —LE@~P(0)]90(0)
Sp(t=p’ (1) p(b), P MLt 69(0) + M 1) 3p(0)
the deviations from the reference trajectory. According to B £(0)—p(0) 27
Hamilton's equations, a small initial deviation My (1) +2a(0)M (1)
(89(0),6p(0)) is related to the deviation at timeby the
monodromy matrix: For the specific initial conditions in Eq10), we obtain the
desired solution
aq(t)  aq(t)
oq(t) d9(0) dp(0) | [ 6a(0) _ oglpe—p(0)]+i[q(0) —dc]
( ) = ( ) . (19 €O -pH= My o2+iMp(t) @9
op(t) ap(t) ap(t) [\ 6p(0)

dq(0) ap(0) Finally, we have all the elements needed to solve(Ed.

) o ) Using Egs.(25) and(27), this equation can be rewritten
This matrix will be denoted (t). It obeys the following

equation of evolution: = Et i Kzz(t)( [£(0)—p(0)]169(0) 2
M) Y= P S M0 59(0)+ M A0 3p(0)
T =JK(t)M(t), (20) . i () 20
with 2 5a(t) "
#H  &°H 2 %a()
(7_q2 4qap Its general solution is obtained by elementary quadratures:
K(t)= (21
PHPH O —Ets f o LEO—PO)I*M141)84(0)
piq Ip? Y PEa™ 2IM11(1)50(0) + M) 3p(0)]
and I | Myy(t)6q(0) +My5(t) 5p(0)
+§I’I 53(0) +v(0).
=\ _1 o) (22) (

. . The desired solution, satisfying the initial condition Eq.
A straightforward calculation shows that, whatever the(lO) is thus fying a

initial conditions(5q(0),8p(0)), the quantity{17]

wity= 250 _1 (M21<t>5q<0>+M22<t>5p<0) y(t)=—Et+ f pdq
2 6q(t) 2\ Myy(t)60(0)+Myo(t) 5p(0)
23 _{odlpe—p(0)1+i[A(0) — g T} M 1a(t)
is a solution of Eq(16) [26]. Among the family of solutions, 205[ ogM 15(t) +iM 15(1)]
we are interested in the one satisfying the initial condition, i i
Eg. (10). We obtain the solutiorx(t) as a function of the + = In{ My (t) + —lez(t)} +9(0). (32
monodromy matrix: 2 o
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1.0 — 34
' ISR (34
a
— The condition defining the reference orbpits simply
=1
205 |
& t
< T (35
or
‘ ‘ . | ,
0'0-1.0 0.5 0.0 0.5 1.0 Om oH 2]
— | =—. (36
al |, t

FIG. 2. Same as Fig. 1 plotted now in action-angle coordinates :

(1,M). The initial wave packet is also an ellipsis in tHe®) phase . . .
space(shaded The classical propagation is extremely simple: the A second advantage of the action-angle variables is that,

action| is constant while® increases linearly with time, at a rate SInceI_ls constant, anéd =H(l), the monodromy matrix is
depending orl. Again, aftert=0.5T, the initial and propagated very simple. Indeed, from Eq21), all Zthe elzements of ma-
wave packets have no overlap. There are three distinct intersectiof@X K are equal to 0, excepz=0"H/d1”. Hence, the
after t=10T,, which implies that three reference trajectories areMonodromy matrix/(t) in action-angle coordinates [i$3]
needed to calculate the autocorrelation function, @g).

J°H
. . 1 —
From the previous solutions, EqR4), (28), and(31) of = a? t 37)
the distorsion equations, we can obtain the semiclassical ex- o '
pression for the autocorrelation function, Egl). 0 1
D. Action-angle variables If P(t) is the transfer matrix between the two sets of

. ) coordinates(of determinant 1 as both are canonical sets of
In the (q,p) variables, the monodromy matrix does not coordinate} we deducdwe are in the vicinity of a classical
have a simple expression. Following the original idea oftrajectory which is closed after tim# the monodromy ma-

Littlejohn [11,13, we show in this section that action-angle trix in the initial coordinates, for each reference trajectory:
variables lead to simpler expressions.

Since we are dealing with a 1D time independent, and 2 2H
thus integrable system, there are action-angle variables 1+ PyiPyy—ot P2,——t
(1,0), such tha{2] al al
M(t)= ., (39
27l = 9Speriod pdaq, (32 9*H ’H

- Pngt 1=PaPym— it

{1,0}=1. (33

where P,,=P,,(0) andd?H/dl? are constants only deter-

mined by the initial positior{(q(0),p(0)).
The first advantage of the action-angle variables is that the Here, all the elements of the monodromy matrix are linear
determination of the reference trajectories is extremelyplus constantfunctions of timet, which makes the evolu-
simple. Figure 2 shows the analog of Fig. 1, the distortion ofjons of «(t), £(t), and y(t), hence of the autocorrelation
the initial wave packet as times goes on, but in action-angléunction, very simple. Note that these simple relations hold
coordinates. The global motion is then along curves withonly because closed reference trajectories are used. When
fixed actionl at a velocity in® which in constant in time, is not a multiple integer of the period, the elements of the
but depending orl. The reference closed trajectories just monodromy matrix are no longer linear functions of time.
correspond to an increase of the an@ldoy an integer mul-
tiple of 27 during timet. Thus, the reference trajectories can
be labeled by a single integgrcorresponding to an increase
of ® by 27j. An immediate consequence is that the refer- The expressions can be further simplified if one chooses
ence trajectonj is the|jth repetition of a primitive periodic as initial starting point for launching the wave packet a turn-
orbit. In the initial (g,p) coordinatesj counts the number of ing point of the classical motion such thaf0)=0, that is
loops done in time along the primitive periodic orbit, see P»=0 (note, however, that this is not a serious limitation
Fig. 1. and quite simple expressions can also be obtained if the

Each reference orbit can be characterized by its actiomave packet is launched anywhgréhe monodromy matrix

l;, the corresponding period of the primitive orbit being  then reduces to

E. Final expression of the autocorrelation function
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1 0 o2 -1/2 a(0)— g 12A ¢
cO=3 [1+1Pag| el - THO AL
M= , °H : (39 ' 2 1+i@Ajt)
—Papzt 1 .
H . . Vj
—iH()t+i2m7] Il-—Z , 42)

The solutions of the distortion equations are the following
simple expressions:

where the sum over the indgxinvolves all the reference
orbits makingj loops along a primitive periodic orbit during
time t. The equation defining the reference orpiis Eq.
(36), with the initial (and fina) conditions
(0;(0),q;(0)=0). The Maslov indexv; in Eq. (42) is the
one of the primitive orbit. Typically, all the primitive refer-
ence orbits have similar shapes and equal Maslov indices.
Equation(42) is the final expression for the semiclassical

9H - autocorrelation function. It is one important result of this
y(t)=—Et+1 —t+y(0)—v=, paper, as it is valid for any one-dimensional time indepen-

dl 2 dent system. Its simplicity lies in the fact that as soon as the
H(l) function—the energy as a function of the action—is
known, all the ingredients are easily computed.

£(t)=£(0),

1 2(92H
a(t)=a(0)— §P21(0) izt (40

where the classical quantity,;(0)=(d1/99)q0).p0)) as
well as the action and related quantities can be derived from
the Hamiltonian and equations of motion ig,p). The con- IV. COMPARISON WITH WKB QUANTIZATION

ftzm t(;ar;r;]uwlz comestfr?r?hthcl-:‘ logiﬁ;‘m'i tir_rlr\\/lm f(?l)z- In the preceding Sec. Ill, we computed the autocorrelation
ndeed, the argument of the logarithidh;,(t) + 1M 1)/ 05 ¢ nction of an initially localized wave packet using the dis-

has the same value at the ending and startmg pomts of tht%rtion of a surface in phase space, whose points follow the
r_eference trajectory. However, along the trajectory, its k_)ga'classical equations of motion. No quantization has been in-
”thn,? has to evolye contmuqusly. Depfndlng on the "rajeC-yq,ceqd. Before turning to application to a specific system
tory” of the quantity M1(t) +iM 1(t)/ o in complex plane,  he hydrogen atom in a weak magnetic flelde discuss in

the determination of the logarithm at the ending point mayihis section the link between our semiclassical approach us-

differ from its original value byi v7r, with v an even integer ing time propagation and the standard “stationary” WKB
which is the Maslov index of the trajectory. It is also the approach.

number of turning pointgcausticg along the trajectory. For a Related work has been done in the framework of

reference orbif which is thejth repetition of a primitive monotrajectory(inean wave-packet dynamics. De Leon and

orbit, the Maslov index is simply times the one of the ejier[10] showed that at first order around the central tra-
primitive orbit. This term, as emphasized by Heller and CO-jectory, the WKB spectrum is obtained using a monotrajec-

workers[7,9,10, is a “smooth Maslov index,” continuously {5y method. Once more, the difficulty comes from the
accumulated along one trajectory, to be added in the phase gfeading of the wave packet, which limits the validity of the
their semiclassical wave functions. Using the concepts Ofpethod to the short time domain and consequently the accu-
symplec_tlc and me'ta'plecnc opgrators, Littlejohn derived 'tsracy of the computed energy levels. Littlejoftt?] also de-
expressior{13], noticing that with the wave-packets meth- yiyeq the WKB spectrum from a monotrajectory wave-packet

ods, the phase shift is not due to turning points, in contrasf.onagation, introducing a fictitious parameter of evolution
with the usual WKB picture where the Maslov index COMes gitferent from the usual time

from the fgilure of the semiclassical approximation at the Finally, it was numerically shown in the specific case of
turning points. Thus here also, and contrary to the WKBhe hydrogen atonfi17], that the Fourier transform of the
approach, there is in general no breakdown of phase  5ytocorrelation function obtained by the nonlinear wave-
spacesemiclassical approximation near turning poif8].  hacket dynamics has peaks located at the position of the
In the following, we write for a reference trajectofy quantum(or WKB, as they coincide in the very special case
studied levels.
In this section, we completely solve this problem for the

92H al\2 [ 9?H multiple trajectories(nonlineaj wave-packet dynamics. We
A= PZl(O)Z(W) = (a—) (W) (41 first show that if we keep the full set of reference trajectories,
1 q q;(0) I but expand their propertie@ction, period, ..). around the

central orbit of the wave packet at second order, we obtain
for the autocorrelation function Eq42), a result which is
We are now able to evaluate all the element<Cof) in strictly equivalent to the correspondirgecond orderap-
Eq. (11), using Egs(10), (40), and(41). We obtain the fol- proximation in the WKB method. Of course, this approxima-
lowing expression for the autocorrelation function: tion breaks down at very long times. There, we analytically
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show that the Fourier transform of the autocorrelation func- Ve 2
tion haséd peaks lyingexactlyat the positions of the WKB 1 Kt 7 e
energy levels. Ct)y=—=>, exp| ————<5——
R e A R
14
A. Expansion of the reference orbits in the vicinity of the Xexpl —i| H(l;)+ o K+ ZC_ lc
central orbit |
C
If the initial wave packet is well localized in phase space 1/4H 2
(a basic assumption in the nonlinear wave-packet dynamics - d K + Pe - il (46)
all the reference orbits having an important weight stantd 2| a1° 4 ¢
end in a small range of initial conditions around the center e

of the wave packet. Thus, all these reference trajectorie
have roughly similar actions and periods. In other words, a
any timet, the numberAj of reference orbits significantly
contributing to the autocorrelation function, E¢42), is
much smaller tha} itself. Hence, we can use local approxi-
mations of the various classical quantities involved in Eq. exp{ - 5
(42). These local approximations are obtained by expansions C(t)= E 2

in the vicinity of the central orbit, defined as the classical K Jrs?

orbit followed by the initial center of the wave packet

(9e.pe). At arbitrary timet, this central orbit is of course A comparison with Eq(4) shows that this is exactly a
not closed. We defing,, the noninteger value equal to the quantum autocorrelation function, with energy levels given
number of loops performed along the central orbit in time by

onsistently at second order, the term in the second expo-
nential is nothing but the classical Hamiltonieihevaluated
at the actiorK + v./4:

(K+VC/4—|C)2]

e—iEKt_ (47)

EK=H(|:K+5). (48)

t t oH 4

=T "2 |, “3
¢ le These energy levels are the classical energies where the ac-

tion, Eq.(32), is equal to

wherel ., T. are the action and period of the central orbit. Ve
We now consistently expand the classical quantities refer- $perioa PAG= 27 ( K+ 2
ring to the reference orbjt in Eqg. (42) aroundj. at second

order in powers off —j.. Note that such an expansion is gor the simplest case.=2, the action is equal to a half

required for the last terms in the exponential, because theMteger multiple of 2r. This is exactly the result of the WKB

rapidly oscillate withj ' but not for the prefactor and th_e first quantization. Moreover, Eq47) shows that the coefficients
term of the exponential which are very smooth functions. 5 e expansion of the initial wave packet onto the eigen-

_ A straightforward calculation gives the following expres- giates have a Gaussian distribution centered on the central
sion of the autocorrelation function: energy of the wave packet:

,  Kinteger. (49

2 1
.. _Jc e ioc2al & I E—
— Z exp| 2imj| 1= Jms? s
e This proves that, at second order around the center of the

T2 —jo)? wave packet, the nonlinear wave-packet dynamics is exactly
- T(?ZH) , (44)  equivalent to the usual WKB approximation.
|

. K+ ve/d—1.)2
C(t)= e ( ”C) U ¢*(a,0¢x(a)dq S )

Equation (44) has additional consequences. Indeed, the
R obtained autocorrelation function depends only on 3 inde-
pendent parameters. The first twe;- v¢/4 andd?H/ a1 ?, are
related to the period of the classical motion and to its disper-
sive character, while the thir® 2, just specifies the exten-
sion of the wave packet. Equati¢®) thus contains the well
al )2 known behavior of a one-dimensional wave padKked]. At

where we define

) (45) short time, only onelor zerg reference trajectory signifi-
ac cantly contributes. Thus the autocorrelation function oscil-
lates periodically at the frequency of the classical motion.
After some time—depending on the dispersive character of
This sum over integer valugscan be transformed using the dynamics and oB2—the wave packet broadens and the
the Poisson sum formu[4.8] to another sum over the integer autocorrelation function decreasgthis is the role of the
K: prefactor in Eq.(44)]. At longer time, several reference tra-

ol
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WKB energy levels. Nothing of that type can be proved for
the semiclassicaC(t), Eq. (42). However, for its approxi-
mation at second order, E44), it is true that the Fourier
transform is discrete, which is already an important result.
Indeed, we started from an approximate expression for the
time propagator. As théurely quantumdiscreteness of the
energy spectrum implies delicate phase relations in the
propagator, it is unexpected that the approximations made
preserve this discreteness. It is an indication that nonlinear
wave-packet dynamics is even better than naively thought.
Although we are not able to calculate exad@lyE) using

the semiclassicaC(t), Eq.(42), we can locate its main sin-
Quantum gularities. Indeed, substitution @(t) by its semiclassical

1.0 ‘ ‘ ‘ ‘ YT ; -
0 10 20 30 40 50 60 70 o expression gives

1.0 |

Semiclassical

|<¥(0)[F(0)>]

7% i[0;(0)—qc At

~1/2
FIG. 3. Modulus of the autocorrelation function for an initially LE 141704 t) exp| —
2 ol )

Gaussian wave packet of the hydrogen atom in a weak magnetic 2 7 7 w
field. The wave packets considered here are purely angular wave 2
packets, obtained by linear combinations of the low-field diamag-
netic states with fixed value of the magnetic quantum numbe0 v
and fixed value of the principal quantum numbey= 100 (first +i[E—H(Ij)]t+i27-rj(Ij— Z’) dt. (52
order perturbation theojy Hence, the classical dynamics of the

system is effectively one-dimensionake Fig. 1. The autocorrela-

tion function is the overlap between the initial and the time propa-

gated wave packets/(0)|#(t)). The unit of time is the classical . . .

period of the cent:<zisllltraj|ector>yC (trajectory of the center of the In _th's formula, we will perform th(_e_lntegrz_il O_Vqr at
initial wave packet Above (solid line), the result obtained by the fixed j, and subsequently sum the variqusontributions.
nonlinear wave packet dynamics, H42) and below, represented ~ AS the integral ovet runs between-< and +, it is

as a mirror image(long-dashed ling the result of the quantum asymptotically dominated by longtime, i.e., largeontribu-
calculation in the same perturbative conditions. The collapsdions[see Eq.(34)]. For such largg, the last two terms in
(t=5T,), fractional revivals {= 22T, for the one thirdt=33T_ for ~ the exponential are rapidly changing. We can thus evaluate
the half reviva), and revivals (= 65T, for the first ong of the wave  the integral overt by the stationary phase approximation.
packet, are perfectly semiclassically reproduced, by taking into acThe phase of the integrand is

count the distortion of the wave packet in the vicinity of the clas-
sical trajectories closed at each time

+ oo

. Y0
1+i At

v
o j ¢1<E,t>=[E—H(lj>]t+2w1(l,-——’). (53)
jectories interfere, leading to a collapse of the wave packet. 4

Finally, at long time, the differenjt contributions may come

back in phase, leading to the so-called revival of the wavets derivative with respect to is simply evaluatedtaking

packet[18]. An example of such a behavior is given in Fig. into account that; depends ori through Eq.(36)]:
3 and is discussed in Sec. V on a specific system. Equation

(44) proves that this behavior is universal among the one-
dimensional time independent systems. Jp;(E,t) —E-H(l) (54)
At extremely long time, the second order expansion must ot I
fail as the higher order corrections are multiplied by the time
tin Eq.(42) and can thus become arbitrarily large. There, theThus, the phase is stationary when the reference trajectory

Toniness waye-Backel namice ifers o he WK abhas precsaly the energs. It s ot surprising that ony
P : - P rajectories with precisely enerdy significantly contribute

dﬁgﬁmﬁsrggﬁf ?hg]?ecgsgﬁﬁf;;pﬁj ﬁ?xmzté?gt;g dthe €XaLYy the Fourier spectrum at enerfy Note that this trajectory
q ' y ) is the same for all th¢ values. Its action, denotdd, is such

It is possible to get more insight into the compared pmp'thatH(l )=E
E - .

ert|e§ of the two semiclassical methods by _computlng the The second derivative of the phage at the extremum
Fourier transform of the autocorrelation function: point E=H(ly) is
- E

1 [+=
C(E)= Eﬁm C(t)exp(iEt)dt. (51) (az(Pj(E't) an?? o5

at? )H(I e U (oH

If C(t) is the exact quantum autocorrelation function, then = 912 |
C(E) displaysé peaks at the positions of the quantum en- E
ergy levels. IfC(t) is the WKB autocorrelation function,

thenC(E) also displaysd peaks but at the positions of the which gives
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9°H Gaussian distribution of amplitudes of the wave packet on
W) a1 the eigenstates, Eqgl7) and (50).
_ le » et As mentioned above, E|60) is not the exact Fourier
C(E)= 9H 0(2) 172 spectrum of the semiclassical autocorrelation function, but
V2w (_I) 1+i 7A1t) only its leading singularities. Additional “background” espe-
le cially coming from smallj contributions exist. As shown in

e — )2
X exp| — M exp{ 2i 7] ( lg— ve ing singularities are dominant by far.
ol 14 ‘ToA i Thus, we can conclude that in the energy domain, the
15 Ae nonlinear wave-packets dynamics is strictly equivalent to the
WKB method, as it gives exactly the same discrete spectrum.
(56) In the time domain, it is not cleaa priori which method is
where Ag,lg,0e, and vg characterize the trajectory with the _best. Numerical experiments in _Sec. V show that the
energyE. nonlinear wave-packets dynamics gives more accurate re-

” Sec. V, a simple numerical experiment proves that the lead-

t andj are related by sults.
oH\) _2mj (57 V. AN EXAMPLE: THE HYDROGEN ATOM IN A WEAK
al | t MAGNETIC FIELD
E

- . . . A. The hydrogen atom in a magnetic field
The sum ovejj in Eq. (56) is asymptotically dominated by yerog g

the largej values, for which thd (o2/2)Agt term is much Neglecting spin, relativistic, QED, effects, the Hamil-
larger than 1. This gives the asymptotic contribution totonian of a hydrogen atom in a uniform magnetic field along
C(E), using Eq.(41): the Oz axis is, in atomic unit$28,29,
A
ElNzD)
a7 90| 5q where y=B/B, andB,=2.35x 10" T is the atomic unit of
5 e magnetic fieldL,, thez component of the angular momen-
exp — (de—0c) E ex;{Ziwj(lE— E” tum, is a constant. In the following, we consider only the
o2 j 4 casel,=m=0.

The classical dynamics of the system depends on the
(58)  scaled energye=Ey 23 [29]. At low magnetic field
(e<—1), it is quasi-integrable; aroune=—0.5, a signifi-
cant part of the phase space turns chaotic; almost full chaos
is reached around= —0.13. The quantum energy spectrum

The latter sum is nothing but a sum éfpeaks:

(E)= ! ! evolves in accordance with a change in the statistical prop-
(ﬁ) dl erties of the energy leve[29,30.
al /), 7700(@) When the magnetic field is sufficiently weak, the diamag-
F % netic termV= y?(x*>+y?)/8 can be considered as a pertur-

(0=I=n—1) of the Rydberg levels is removed, and that

each level of principal quantum numberis split in n sub-
(59 levels labeled by the new quantum numBeranging from 0

to n—1 [35]. The energy levelE€,,x and the associated

0o

—q.)? VE bation. uantally, this means that the degenerac
K

whereK is an integer. diamagnetic eigenstatésmK) are obtained by diagonaliza-
This can be again rewritten as tion of the perturbation inside a manifotd This is the so-

) called “I-mixing” regime [31-33. The diamagnetic eigen-

C(E)= 1 exn — (Ge—qc) S S(E—Ey) states are linear combinations of the usual sphetitah)
a2 o5 K Ko states for B<I<n— 1 with field independent coefficients. Al-

770'(2,(—) ternatively, they can be expanded in the so-called “para-
99 bolic” basis[31].

(60) In the following, we study exclusively this low-field per-

turbative regime, where andm are good quantum numbers.
The wave packets to be considered are linear combinations
of [InmK) eigenstates. As there is only one relevant quantum
. (61) numberK, this is an effectively one-dimensional problem.
The wave packets are thus purely angular ones along the
Thus the Fourier spectrum of the autocorrelation functionsphericald coordinate, being completely delocalized along
has 6 peaks locatedexactly at the positions of the WKB the radial coordinate and the azimuthal angle. The quantum
energy levels. At the second order, ones also rediscovers tllculations described in this section are obtained by the

whereEy are the WKB energy levels such that

Ex=H[1=K+>
=H|1=K+g
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straightforward formula, Eq(4), where | ¢x)=|nmK) are The equations of motion are obtained using the usual
the diamagnetic states, whose energies are Hamilton’s equation:
1 2 2
EK=—W+%<an|x2+y2|an>. (63) %:{%0}:7_[5 Sif(0)—1]L .
In classical mechanics, the analog of the quantum first (72)
order perturbation theory is the secul@r adiabati¢ ap-
proximation[31]: the effect of the magnetic field is so weak dL, 2
that the motion can be described as an instantaneous field- W={Jﬂ,LL}= - WS sir(20)(1+2E0Lf).
free motion, that is a Kepler elliptical trajectory of the elec- 0
tron around the nucleus. The weak magnetic field induces a
slow secular motion of the parametdmientation, major This one-dimensional Hamiltonian system can be solved

axis, eccentricityof the elliptical trajectory. The secular mo- by elementary quadratures. There are two possible types of
tion is described by an effective Hamiltonian, which is noth-motion, depending on the sign of the constantThe sepa-

ing but the value of the diamagnetic perturbation averaged#@trix between the two types of motion /=0 or, equiva-
over an unperturbed elliptical trajectory. The result is simplylently is associated with a critical value of the angle
expressed as a function of the constants of motion on afB1,32

elliptical trajectory: the angular momenturn and the

Runge-Lenz vectoA (along the major axis of the ellipsis _ . \ﬁ _
with modulus equal to its eccentricjty Oc,=arcsl 5 ~0.4636. (72

L=rxp, 64 For g,<6,, or gL=m—6,, (—1<A<0), the secular mo-
R tion is an oscillation of the Runge-Lenz vector around@=e
,&:ﬁxﬁ—i 65) axis, and is called vibrati.onal.. Form— 6cr= 0o= O
r’ (0=<A=<4), the secular motion in an oscillation of the

Runge-Lenz vector around tlze=0 plane, and is called ro-
The expression for the effective secular Hamiltonian is tational. Equatior{70) shows thaty oscillates between 0 and
Omax (OF ™ 6,2x and ) for the vibrational motion, and

X2+y2 ,),2 d _ f h . | . ith
| 22 _ + Omax and m— 6, fOr the rotational motion, wit
H <7 8 > EWEO(A 1), (66)
[A+1
whereE, is the (constant unperturbed energy and Omax=arcsin < |
A=4A?—5A2, (67)

. ) B. Analytical results for the secular motion
For the case we are interested in=0, the secular mo-

tion can be simply described by a set of two canonically We now compute all the quantities needed for the semi-
conjugate coordinate®: the angle between theaxis and the ~ classical propagation of wave packets and calculation of the

Runge-Lenz VeCtoA, andL, the component of the angular autocorrelation function, Eq42). For all these quantities—

momentum perpendicular to the plane defined by the uni;E:u_:tlon—angle coordlnates, energy and its flrst_two derivatives
- = with respect to the action, monodromy matrix, and Maslov
vectoru, alongz andA [32]:

index—we are able to obtain analytic results as functions of
. o elliptic integrals. In the following, we consider a trajectory as
0=~ (uz,A), a solution of Eq.(71). It is characterized by a set of initial
(68  conditions(6(0),L, (0)).

The first quantity to compute is the action variable along a

. u XA trajectoryl =¢L, d6/27 as a function of the energy, which
u, <Al implicitly determines the functio’Z(l) needed in Eq(42).
The result is easily expressed as a functioiand involves
The Poisson bracket is the canonical one: elliptic integrals of the first and third kinfB6]
L =1. 2
{L..6} (69) K(r):f d—d)_, 73
The original three-dimensional problem is thus reduced— 0 V1-r sin(¢)

using the constancy df, and the secular approximation—to
a one-dimensional problem whose phase-space variables are

. . ) 72 d¢
(9,p)=(6,L,). In these coordinates, the effective Hamil- II(p,r)= . . _
tonian, Eq.(é6), is J0 [1—p sirP(p)]V1—r sir(¢)

(74)

A(6,L,)=(5 sirfd—1)(1+2E,L?). (700 We obtain
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B A 1 4(1+A)
|U(A)——; mﬂ(]ﬂ—/\,ﬁ)

4(1+A) ) )
“Kl—Z2—x (vibrational), (75
(A _A 1 [H 4—A 4-A
ol )_¥\/—2E0(1+A)[ 4 "A(1+A)
k[ A=A i 76
— m (rotationa). (76)
The period of the motion then follows directly from Eq.
(34):
16(—2Eg)%2 [4(1+A)\ . .
T,(A)= N7y 4_ | (vibrationa),
(77)
T,(A) 16~ 269" ( A1) (rotational
=— rotationa).
f YAVI+A | A(LH+A)
(78)

Note that for the rotational motion, the energy, i.e., A,

decreases with the actidn. The rotational period is thus
negative. This simply means that negative values of the in

tegerj have to be included in the sum, E¢.2).

The next term needed to calculate the autocorrelatio
function is the quantityy;, Eq.(41), which can be rewritten

as
aT
25y2si26(0) dA
64E2 T(A)

which holds for both vibrational and rotational cases, wit

the respective form for the periods. Equatid@i®) and (78)
give [denoting:K’ (r)=dK/dr]

aT, y? T,(A)?
GN  32A—2E.)%2  [4(1+A)\2
4—A
41+ A)
< 4(1+A) 40 4— 50
iy A S T
aT, y? T.(A)2
9N 32A—2E.)%R [ 4—-A |2
A~28) | V1t A
41+ M)
" 4—A
< 4—A 5 |4(1+A) o1
“IMaarny) T2 1A 81

The last classical quantity needed is the Maslov index#.=0.8 (corresponding
For all rotational trajectoriegthe ones studied hereafter
there are just two turning points &, and m— 6,,, and

thusv=2.
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C. Semiclassical calculations

We have applied the nonlinear wave-packet dynamics to
an initial wave packet:

0—0.)°
.,y(a,t:O):(mg)““exp[—%}. (82)
203
Indeed, as explained in Sec. Ill, in order to simplify the

calculations, for a given trajectorgentral or referengewe
start from a Kepler ellipse making an anglé0) with theOz
axis, in an extremal positio,,,= 6(0), which here implies
in additionL, =0.

Then, to evaluate the autocorrelation function Ep) at
time t, we determine all the values & such thafsee Eq.

(39]
t=jT(A;) (83)

in a certain interval imposed by the width, of the Gauss-
ian. In all the calculations and figures presented hereafter, the
necessary truncation of the sumijimis such that the error on
the autocorrelation function is negligible.

When these reference trajectories are determined, the
equations derived in Sec. V B allow us to calculate the au-
tocorrelation function Eq42) for a state of energi, of the

Ipydrogen atom perturbed by a weak uniform magnetic field.

D. Quantum calculations

All the results presented in this section concern the hydro-
gen atom in a weak uniform magnetic field. In this case, the
guantal equivalent of the state, E(B2), is an extremal
eigenstate of energEoz—llmS of the hydrogen atom

hwithout magnetic field, having the maximum valug, 1)

of the Runge-Lenz vectoh along the direction making an
angle 6. with the Oz axis.

We have calculated that it is indeed a wave packet whose
distribution on the quantum eigenstates of enekgy ob-
tained by diagonalization of the diamagnetic perturbation,
Eq. (66) inside the manifold of energl, is approximately

(GK_ Hc)z

20'(2) (84)

|<¢<o>|¢K>|o<exp( -
with

, 1

We then have an exact quantum calculation with which to
compare our semiclassical results.

In all the figures, the initial state is chosen such that
to a rotational motipnand
ny=100. As we are using first order perturbation theory, the
magnetic field strength is unimportant. Indeed, if one uses
the classical period of the central orbit as unit of time, the
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autocorrelation function is independent of The energy
spectrum itself is of course dependent. We useg=10""'
a.u., that is roughly 0.0235 T.

0.40

_ _ 0.30 r
E. The autocorrelation function

In all the figures shown, the solid line is the autocorrela-
tion function obtained from the nonlinear wave-packet dy-
namics, Eq(42), the long-dashed line is the exact quantum 5
result, and the dotted line is the autocorrelation function ob-;
tained by WKB semiclassical quantizatigiVKB energy ~ 0.10 |
levels in Eg.(4), and initial Gaussian distributign

Figure 3 shows the comparison, over more than 70 clas-
sical periods of the motion, between the modai{t)| of the 0.00 ‘ : ‘ : YT,
semiclassical and quantum autocorrelation functions. We see 396 308 400 402 404 406
that, although no quantization has been introduced in the
nonlinear wave-packets dynamics, which deals only with FIG. 4. Detail of Fig. 3: autocorrelation functions corresponding
classical trajectories, the quantum autocorrelation function £ the propagation of the same initial Gaussian wave paetet-
almost perfectly reproduced. At short time, the autocorrelatron of the hydrogen atom in a weak uniform magnetic fieig
tion function comes back close to its initial maximum value three different methods: quantuttong-dasheyl nonlinear wave--
1 at integer multiples of the classical period. This corre-Packet dynamicgsolid line), and exact WKB semiclassical quanti-

sponds to a still localized wave packet following the classicaflion (dotted line. The nonlinear wave-packet dynamics repro-
evolution. There, only one reference orbit significantly con—duces. ml.JCh more accurately .th.e gquantum behavior tha.n the WKB
. . . . . quantization, although no explicit quantization has been introduced.
tributes to the semiclassical autocorrelation function, result-
ing in a simple analytic form. However, the successivealso used the exact quantum overlaps: the nonlinear wave-
maxima are lower and lower, indicating a dispersignl-  packets dynamics is still much better than the WKB quanti-
lapse of the wave pack€tl8]. In Eq. (42), this corresponds zation.
to the slowly decreasing prefactor of the exponential. Around In Fig. 6, results are shown at extremely long tifaknost
t=4T., the wave packet has sufficiently spread for its heads000 classical periogls We then see that both nonlinear
to interfere with the tail. The autocorrelation function thenwave-packet dynamics and WKB results are a little out of
looks very complicated. It results from the interferences bephase from the quantum result, but that the nonlinear wave-
tween several reference trajectories. packet dynamics reproduces very well the quantum shape
At a longer time, around=65T., C(t) is again very when WKB can be very different.
large, almost reaching 1. This is the quantum “revival” of  Nonlinear wave-packet dynamics provides not only a bet-
the wave packef18]. In the quantum autocorrelation func- ter understanding of the semiclassical limit than WKB quan-
tion, Eq.(4), it appears as a local rephasing of the contribu-tization, but is also much more accurate in the time domain.
tions of the various eigenstates. In the semiclassical picturdsor very long times, it is the most efficient semiclassical
Eq. (42), it appears as a constructive interference between athethod available.
the reference trajectories. From Hd4), we deduce the ex-

0.20 -

F(t)>|

pression of the revival time: 0.40
2
TrevivaI:Wv (86) 0.30 |
a* ),
Cc
A
which is in excellent agreement with the observation in Fig.5 020
3. At intermediate times, one can see “fractional revivals"a‘?:
[18] where only a subset of the eigenstai@sa subset of the ¥~ 0.10

reference trajectories: they are related via the Poisson sum
formula; see Sec. lVinterfere constructively.
In Fig. 4 we show that the agreement is not only global,
but that the details of the quantum autocorrelation function ~ 0-00 3.0 40 VT
are very accurately reproduced by the nonlinear wave-packet
dynamics. They are better reproduced than using the WKB £ 5 same as Fig. 4, but after few classical periods only,
quantization. _ _ __when the different parts of the initial wave packet have just spread
In Fig. 5, we show the different autocorrelation functions giciently to interfere. The bumps &3 andt=4 represent the
at very short time, when only one or two reference trajectoinjtial wave packet returning to its initial position after three and
ries are used to calculate the autocorrelation function. Evefpur classical periods, the fringes in between are due to interfer-
in this case, the nonlinear wave-packet dynamics result ignces between the head and the tail of the wave packet. Once again,
much closer to the quantum result than the WKB result. Notehe nonlinear wave-packet dynamics reproduces more closely the
that, instead of using the distribution E&4) in Eq. (4), we  quantum result than the WKB method.
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FIG. 6. Same as Fig. 4, but after a very long time: almost
6000 central classical periods,. The autocorrelation functions FIG. 8. Fourier transform of the semiclassical autocorrelation
obtained by the quantum treatmefing-dashepand the nonlinear  function performed over a very long time=2500 classical peri-
wave-packet dynamigsolid line) have a very similar shape, except odg. What could not be seen in Fig. 7 is now visible: the levels
that they are slightly out of phase. The WKB redlotted ling is obtained by Fourier transform of the semiclassical autocorrelation
similarly out of phase, but the shape of the autocorrelation functiorfunction, Eq.(42), are equal to the WKB energy levels, and not to
is much worse. This figure proves the outstanding efficiency of thehe exact quantum levels. It is a remarkable property of the nonlin-
nonlinear wave-packet dynamics, even at extremely long times. ear wave-packet dynamics to give an autocorrelation function, Eq.
. . . (42), which has an almost discrete Fourier spectrum.
F. Fourier spectra in the energy domain

Additional information on the nonlinear wave-packet dy-  |n Fig. 7, we show such a spectrum, compared to the
namics can be obtained from the Fourier spect@(&), Eq.  exact quantum spectrum. The height of the quantum peaks is
(52). For the exact quantum autocorrelation function andy,e overlap|(#(0)| ¢« )[? corresponding to the energgy,
when the Fourier transform is performed on an infinite timeqantally calculated as explained abdeee Eq.(4)]. The
interval, it displaysé peaks at the positions of the energy img jnterval is 80 classical periods, which is largely enough
levels. When the Fou_rler transform is performed- on a finit o resolve the individual energy levels. It is remarkable that,
range, the peaks are just broadened. The same is true for (g, + any explicit quantization, the nonlinear wave-packet

WKB autocorrelation functlon., except that the.peak.s lie a ynamics is able to reproduce thetality of the quantum
the WKB energy levels. Starting from the semiclassical ap-

proximation of the autocorrelation function, E@2), noth-
ing ensuresa priori that the Fourier spectrum will display 0.08

discrete peaks.
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"o ' 20 FIG. 9. S Fig. 7, but the Fouri form i
EnergyE(10'7 a.u.) . 9. Same as Fig. 7, but the Fourier transform is now per-

formed over a very short time intervak 2.5 classical periods of
the central trajectory of the initial wave packéwo first peaks of

FIG. 7. Fourier transform of the autocorrelation function of Fig. Fig. 3. Here, the spreading of the wave packet is such that the
1, obtained semiclassically by the nonlinear wave-packet dynamicsemiclassical autocorrelation function is computed using only
(time interval for the Fourier transform= 80 classical periods  reference trajectory in Eq42). Nevertheless, the discrete character
compared to the quanturd peaks, located at the energy levels of the energy spectrum is already visible with a good accuracy. This
Ex, and whose amplitudf #(0)| ¢«)|? are the overlaps between proves that purely quantum properties can be obtained without in-
the initial wave packet and the eigenstdtég) of the system. The terferences between different trajectories. In fact, the Fourier trans-
totality of the quantum spectrum is perfectly reproduced by theform allows us to observe the interference between one primitive
semiclassical method. trajectory and its repetitions at longer times.
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energy spectrum. This implies that the various approximathe autocorrelation function, E¢42). But we see that the
tions done to obtain Eq42)—semiclassical approximation individual energy levels are nevertheless resolved. This im-
for the Van Vleck propagator and grouping of the variousplies that, contrary to a commonly accepted statement, there
classical trajectories in sets whose global effect is repreis no need to have interferences between different classical
sented by a single reference trajectory—preserve almost exrajectories to obtain a quantized discrete energy spectrum.
actly the discrete nature of the Fourier spectrum. We here have quantum mechanics without interferences. Of
Figure 8 is analogous to Fig. 7, but with a far better resooyrse, this is not exactly true: interferences are indeed
lution, since it has. been performed over a time interval Ofpresent in Eq(42), even when the sum ovéris reduced to
2500 classical periods. The peaks are much narrde®d oy one term. This is because different closed reference tra-
still Fourier I!m|te0), which make§ it possible to observe that jectories are involved, depending on the titmeonsidered. It
they do not lie exactly at the positions of the quantum energ S in this respect very different from RefL0], where the

levels, but rather at the WKB energy levels in agreemen KB spectrum was obtained through a wave packet propa-

with the discussion in Sec. IV. It is not yet clear why, in the ated around one trajectory fixed in advance. In fact, what

time domain, the nonlinear wave-packets dynamics is muc . . o
closer to the quantum result than the WKB result, while the appens here is that the same reference trajectory is involved
' at timet and at time 2. Then, through the Fourier transform,

give the same energy levels. ) . : . . .
But even more striking is Fig. 9, where we show the Fou-the interference between two identical trajectories at differ-

rier transform of the semiclassical autocorrelation functior®nt times produces the pattern of energy levels. It is the
over a very short interval of time={ 2.5 classical periods 2analog of an optical multiple wave interferometer—such as a
T, of the central trajectory of the initial wave packefhere ~ Fabry-Peot interferometer—considered here in the time do-
is only one single reference trajectory which contributes to main.

[1] M.V. Berry, in Semi-classical Mechanics of Regular and Ir- [20] J. Parker and C. R. Stroud, Jr., Phys. Rev. L%6t.716(1986.
regular Motion Les Houches Summer School, Session[21] L. Marmet, H. Held, G. Raithel, J. A. Yeazell, and H. Walther,

XXXVI, Chaotic Behavior of Deterministic Systemaslited by Phys. Rev. Lett72, 3779(1994.
Gerard looss, Robert H.G. Helleman, and Raymond Stord22] J. Wals, H.H. Fielding, J.F. Christian, L.C. Snoek, W.J. van der
(North-Holland, Amsterdam, 1981 Zande, and H.B. van Linden van den Heuvell, Phys. Rev. Lett.
[2] M.C. Gutzwiller,Chaos in Classical and Quantum Mechanics 72, 3783(1994.
(Springer-Verlag, New York, 1990 [23] M. Mallalieu and C.R. Stroud, Jr., Phys. Rev. %, 1827
[3] P. Cvitanovic and B. Eckhardt, Phys. Rev. Léf}, 823(1989. (1995.
[4] G. Tanner, P. Scherer, E.B. Bogolmony, B. Eckhardt, and D[24] J.A. Yeazell and C.R. Stroud, Jr., Phys. Rev. Léf), 1494
Wintgen, Phys. Rev. Let67, 2410(1991). (1988.
[5] T. Szeredi and D.A. Goodings, Phys. Rev. Leéd®, 1640 [25] J.A. Yeazell and C.R. Stroud, Jr., Phys. Rev.48 5153
(1992. (199).
[6] E.J. Heller, J. Chem. Phy62, 1544(1975. [26] The reason for whichx(t) can be written under the simple
[7]1 E.J. Heller, J. Chem. Phy67, 3339(1977. form (23) is easily understood from the classical propagation
[8] M.J. Davis and E.J. Heller, J. Chem. Phy§, 3916(1981). in phase space. Indeed, the ellipsis representing the initial
[9] N. De Leon and E.J. Heller, J. Chem. Phy8, 4005(1983. wave packet(see Fig. 1 evolves according to the classical
[10] N. De Leon and E.J. Heller, J. Chem. Ph§4, 5957(1984). equations of motion linearized in the vicinity of the orbit of
[11] R.G. Littlejohn, Phys. Refl38 193 (1986. reference. Therefore, the evolution of its major and minor axis
[12] R.G. Littlejohn, Phys. Rev. Letb6, 2000(1986. is described by the monodromy matrix. The local wave packet
[13] R.G. Littlejohn and J.M. Robbins, Phys. Rev. 36, 2953 evolves in the same waw(t) being related to the orientation
(1987. of the ellipsis associated with the Wigner distribution
[14] S. Tomsovic and E.J. Heller, Phys. Rev. L&, 664 (1991); P.(q,p,t): it has to be related t65q(t),sp(t)), hence to the
Phys. Rev. E47, 282(1993; Phys. Rev. Lett70, 1405(1993. monodromy matrix. Note, however, that the orbit
[15] P.W. O'Connor, S. Tomsovic, and E.J. Heller, Physiéan- (q'(t),p’(t)) is in no way a “real” orbit, but rather an orbit
sterdam 55D, 340(1992. living in a complexified phase space.
[16] M.A. Sepuveda, S. Tomsovic, and E.J. Heller, Phys. Rev. Lett.[27] The one-dimensional hydrogen atom is a singular case for
69, 402 (1992. which this approximation breaks down at the collision between
[17] .M. Suarez Barnes, M. Nauenberg, M. Nockleby, and S. the electron and the Coulomb singularity. In fact, the nonlinear
Tomsovic, Phys. Rev. Let71, 1961 (1993; J. Phys. A27, wave-packet dynamics method works also in this ¢a3e It
3299(1994). is possible to show it by regularizing the Coulomb singularity
[18] M. Nauenberg, Phys. Rev. 40, 1133(1989; J. Phys. B23, using the semiparabolic coordinates and introducing a ficti-
L385 (1990. tious “oscillator” time which maps the problem on a harmonic
[19] M. Hillery, R.F. O'Connel, M.O. Scully, and E.P. Wigner, oscillator problen{K. Dupret and D. Delandéunpublished.

Phys. Repl106, 121 (1984. the only difference being an unusual Maslov index.



1272 KARINE DUPRET AND DOMINIQUE DELANDE 53

[28] D. Delande, inChaos in Atomic Systemkes Houches Sum- [JETP Lett. 34, 265 (1981)]; 82, 1762 (1982 [55, 1017
mer School, Session LllIFundamental Systems in Quantum (1982]. .
Optics edited by J. Dalibard, J.M. Raymond, J. Zinn-Justin [33] D.R. Herrick, Phys. Rev. 26, 323(1982.
(North-Holland, Amsterdam, 1990 [34] A.P. Kasantzev, V.L. Pokrovsky, and J. Bergou, Phys. Rev. A

N ! 28,3659(1983.
[29] H. Friedrich and D. Wintgen, Phys. RepB3, 37 (1989). [35] P.A. Braun, Pis'ma Zh’ Esp. Teor. Fiz84, 890(1983 [ JETP

[30] D. Delande and J.C. Gay, Phys. Rev. L&f, 2006(1986. Lett. 57, 492 (1983].
[31] J.C. Gay and D. Delande, Comm. At. Mol. Phys3, 275  [36] Handbook of Mathematical Functionsedited by M.
(1983, and references therein. Abramowitz and I.A. SteguiiDover Publications, New York,

[32] E.A. Solov'ev, Pis’'ma Zh.'Esp. Teor. Fiz.34, 278 (1981 1972.



