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Role of core-scattered closed orbits in nonhydrogenic atoms
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While both diamagnetic and Stark spectra of hydrogen can be analyzed accurately in terms of classical
orbits, in nonhydrogenic atoms the multielectron core induces additional spectral modulations that cannot be
analyzed reliably in terms of standard periodic orbit-type theories. However, by extending closed-orbit theory
to include core-scattered waves consistently, both diamagnetic and Stark photoabsorption spectra of nonhy-
drogenic Rydberg atoms at constant scaled energy can be analyzed semiclassically using only the closed orbits
of the corresponding hydrogenic systems. Frequencies and amplitudes of the core-scattered modulations, as
well as corrected amplitudes for contributions from repetitions of primitive hydrogenic orbits, are found to be
in excellent agreement with quantum results. We consider whether these nonhydrogenic systems correspond to
guantum chaog.51050-29476)02807-1

PACS numbes): 03.65.Sq, 05.45%:b, 32.60:+i

I. INTRODUCTION lar, the frequencies and amplitudes of the long-range modu-
lations in the density of states have been successfully
Our understanding of quantum systems associated withredicted using periodic orbit theofyg]. Similar modula-
chaotic motion in the classical limit—a study popularly tions in the observed photoabsorption spectrum have also
termed “quantum chaos”—remains incomplete. In particu-been reproduced and interpreted semiclassically using a
lar, the quantization of such systems, that is the determinaheory developed by Du and Delpg] (see also Bogomolny
tion of the eigenvalues and eigenstates of the quantum sy§8] and Alber[9]). Analogous to Gutzwiller's periodic orbit
tem in terms of classical quantities, continues to provide ondormula, the closed-orbit formulgr] represents the energy-
of the fundamental challenges to physics. The most successveraged photoabsorption spectrum in the classically chaotic
ful approaches to the quantization of nonintegrable, timeregime as a sum of contributions from isolated closed clas-
independent Hamiltonian systems have been based on tisécal orbits, which start from, and return to, the nucleus.
Gutzwiller trace formuld 1], which, within a semiclassical The theoretical description of nonhydrogenic atoms in ex-
framework, expresses the density of states of the quantumernal fields is less well developed. Indeed, one of the few
system as an infinite sum of contributions from all periodicstudies to consider the connections between quantum and
orbits of the underlying classical system. The analysis relieslassical dynamics of such systems interpreted features of the
on the derivation of a semiclassical Green’s function, whichquantum spectrum in terms of a semiclassical analysis of
is supposedly valid for strongly chaotic systems in the limithydrogen[10]. Recently, a growing body of theoretical and
f—0. In this paper we show—in the specific case of nonhy-experimental evidence on spectra and wave-packet dynamics
drogenic Rydberg atoms in static external fields—how theof nonhydrogenic atoms in external fielfkl—15 has sug-
presence of an ionic core leads to pure quantum effects thgested that the ionic core induces important dynamical ef-
cannot be described by standard periodic orbit-type theorietects not seen in hydrogen.
and how these effects can be incorporated successfully in the Most theoretical quantum solutions of the diamagnetic
theory. nonhydrogenic probleml1,12,16—18 follow a suggestion
Highly excited (Rydberg atoms in strong external fields of Clark and Taylof19] who noted that the problem splits
have furnished some of the most rewarding case studies dfito two regions: an outer region, where the core is negli-
real quantum systems that are observable in the laboratogible and the Hamiltonian is hydrogenic, and an inner region
and for which the corresponding classical motion exhibitswhere the field is negligible. In the latter case, the interaction
chaos[2]. Of such systems, the diamagnetic hydrogen atonof the outer electron with the ionic core can be accounted for
is the most readily accessible for theoretical study. A speciaby a set of phase shifts dependent on angular momentum
feature of this system is its scaling property: the classical—the quantum defectgy, (see, for example, Seat¢a0]).
motion does not depend on the electron energy and the ma&eparate solutions are obtained in the two regions and
netic field strength separately but only on a single parametematched at a boundary using Bamatrix approach.
the scaledenergy. As this parameter is varied the classical While the hydrogenic scaling property does not hold in
motion undergoes a gradual transition from regularity to fullthe core region of nonhydrogenic atoms, it is appropriate to
chaos. With the development of scaled variable spectroscopgpply the same scaling transformation to nonhydrogenic at-
[3], together with methods for calculating fully quantal spec-oms because the core region is very small compared with the
tra at constant scaled energy, it has been possible to malgize of the highly excited Rydberg states. The first fully
direct comparisons between the quantum and classical dytuantum mechanical calculation on nonhydrogenic atoms in
namics of the diamagnetic hydrogen atp#5]. In particu- a magnetic field at fixed scaled energies, permitting direct
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comparison between quantum and classical dynafditf  rable to or larger than the core and hence wave effects must
showed strong resonance structures in the Fourier trande considered
formed spectra, which seemingly could not be explained by The only adequate approach, valid for any regime of
hydrogenic orbits, together with a reduction in the modula-atomic core scattering in Rydberg atoms, must allow for the
tions of the long-period orbits. These observations have sinckreakdown of classical path methods at the core. Such a
been confirmed by experimental measurements of diamagnethod was first proposed by Gao and D€l24] in their
netic helium atoms and the additional modulations identifiedpioneering work on a semiclassical description of nonhydro-
as being due to combinations of periodic hydrogenic orbitggenic atoms in external fields, which incorporated the quan-
that arise from scattering with the cof#2]; similar struc- tum defects describing the ionic core in the closed-orbit sum
tures have been found in the experimental Stark spectra aff hydrogenicorbits. They described the effects of spin-orbit
lithium [14,15 and the experimental spectra of rubidium in coupling in the initial state, the effects of nonhydrogenic
crossed electric and magnetic fields]. Further theoretical radial dipole integrals, and the effects of quantum defects
calculations showed the nearest-neighbor spacing statistics &ssociated with the ionic core; these quantities all affect the
be displaced towards the “chaotiqdWignen limit, even for  angular distribution of the outgoing waves. However, the
low scaled energies where the hydrogenic problem is almostffect of the nonhydrogenic core-scattered waves was found
regular [11,21. Recent calculations have shown that theto be insignificant and neglected from the final calculation so
Stark spectrum of lithium exhibits similar behavids] and  that the core effects only resulted in slight shifts of the reso-
has led to the claim that nonhydrogenic systems provide furnance positions in the absorption spedl.
ther examples of quantum chaos. It is now amply clear that, in general, the core-scattered

However, studies of quantum phase space distributiongaves must be included in any semiclassical approach. The
(Wigner functiong have suggested that this is not the full ionic core scatters waves from one closed orbit to another.
story [21]. While the Wigner distributions of diamagnetic The Fourier transform of the absorption spectr(the “re-
nonhydrogenic atoms do explore a larger fraction of phaseurrence spectrum)’ should show two effects(i) There
space than their hydrogenic counterparts, they do not havghould be core-scattered contributiaqfisombination recur-
the more “ergodic” appearance of those for the hydrogenrences’) due to the electron traveling along one closed orbit
atom in the classically chaotic regime. Indeed, the nonhydroand then being scattered by the ionic core on to another
genic phase space distributions show toruslike structures batosed orbit.(ii)) The core should cast a “shadow” in the
with each eigenstate now linked to several “tori” rather thanbackwards direction thus reducing the recurrence strength on
just one as in the hydrogenic case; clearly this is not thesubsequent returns to the nucleus of each orbit. The closed-
signature of a true chaotic system. orbit formula given in Ref[24] does not include this effect

In an attempt to shed some light on this apparent paradoxnd so leads to a spectrum which is qualitatively different
Dandoet al. [22] carried out a classical calculation for dia- from that which is observed.
magnetic nonhydrogenic atoms, employing a short-range By starting with the physical picture of the photoabsorp-
“model” potential to describe the non-Coulombic nature of tion process suggested by Gao and D¢, but including
the ionic core. At scaled energies where the hydrogenic prolthe core-scattered waves consistently, we have recently been
lem is very nearly regular, it was shown that trajectories ofable to extend closed-orbit theory to successfully reproduce
the nonhydrogenic system, although typically ergodic, rethe core-induced phenomernjda6]. The advantage of our
main on a torus of hydrogen once outside the core regiorsemiclassical approach is that it allows us to describe the
Hence trajectories are able to see most of phase space bydgnamics of relatively complicated multielectron systems in
process of “torus-hopping™: regular motion interspersedterms of the simpler, yet closely related, hydrogenic system.
with scattering by the core. The periodic orbits were found to In this paper we present a detailed account of our semi-
have large Liapunov exponents and the dynamics is exelassical method. We provide further comparisons with fully
tremely unstable. However, a recent variation of this methodjuantal calculations for nonhydrogenic atoms in external
[27], which involves superposing contributions from thou- fields generated using a recently developed method, which
sands of such unstable periodic orbits, was applied successnables the calculation of the quantum constant scaled en-
fully to atomic photoabsorption spectra. In that case, stabilityergy spectrum of nonhydrogenic atoms for very high-lying
parameters were calculated with the core potential “switchedtates, closer to the semiclassical lifdig]. In addition to the
off” at the start and final return of the trajectory to the core diamagnetic nonhydrogenic spectra considered previously
region. Hence the stability parameters for first traversals of26], we also apply our theory to the Stark spectrum of
the primitive hydrogenic orbits remain unchanged. Howeverlithium. The corresponding hydrogenic problem is integrable
the method is computationally extremely intensive since itand hence the classical motion does not display the exponen-
involves the calculation of thousands of classical orbits fortial proliferation of closed orbits characteristic of the diamag-
each different atom in a regime where the standard semiclasietic problem. This allows us to evaluate the closed-orbit
sical model for hydrogen requires only a couple of dozensum to a considerably higher resolution than is numerically
Further, it gives qualitative agreement or less in manyconvenient in the diamagnetic case. The excellent agreement
circumstances—for example, it becomes increasingly lesebtained with spectra obtained from quantum calculations
capable of reproducing the quantum results for smaller atomgrovides further justification of our method.
such as helium. But it is important in helping to demarcate The remainder of this paper is organized as follows: in
the boundary between an approximate semiclassical regingec. Il we give a brief review of closed-orbit theory as pre-
and the regime of “diffractive” scatteringi.e., the regime sented by Delos and co-workdrg,24]. In Sec. Ill we show
where the de Broglie wavelength of the electron is compahow this theory can be extended to include the core-scattered
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contributions consistently. Section IV gives both the diamagwaves, interfere with the outgoing waves generating oscilla-
netic and Stark Hamiltonians for the hydrogen atom andions in the absorption spectrum. The incoming waves pro-
shows how these Hamiltonians can be scaled to remove thauce, in turn, Coulomb scattered waves and, for nonhydro-
separate dependence on electron energy and field strength.denic atoms, core-scattered waves. The Coulomb scattered
Sec. V we outline the iterative procedure that we use tovaves are strongly backwardly focused and back trace the
calculate the photoabsorption spectrum semiclassically. Therbit resulting in repeated traversals of the trajectory. In this
results of our calculations are presented in Sec. VI where weespect, quantal and classical Coulomb scattering are equiva-
compare the semiclassical photoabsorption spectra of botlent. The core-scattered waves, on the other hand, redistrib-
diamagnetic and Stark nonhydrogenic atoms, calculated uste amplitude into other closed orbits, isotropically for an
ing our semiclassical approach, with fully guantum mechanis-wave (=0) quantum defect or as cédor p-wave scat-

cal spectra. Finally, in Sec. VIl we present some discussionering. Gao and Deld®4] concluded that the contribution of

and our conclusions. the core-scattered waves to the averaged absorption cross-
section was negligibly smalR5].
Il. REVIEW OF CLOSED-ORBIT THEORY The result is a formula for the average oscillator-strength

density that can be written as a combination of a smooth

Our semiclassical approach extends the work of Delogackground term plus a set of sinusoidal oscillations of the
and co-workerg7,24] in which the energy-averaged photo- form

absorption spectra of atoms in external fields is expressed as

a sum of contributions from closed orbits of the correspond-

ing classical system. The theory underlying the so-called f(E)=E 2 CR(E)SiMAR(E)]T, (1)
closed-orbit formula has been presented previously in great nok

detail [7,24] so we give only a brief outline of the salient , , . .
features. which arise from the interference of semiclassical waves as-

When an atom absorbs a photon, the electron propagat€§ciated with closed orbits of an electron of enekgyEach
outwards in a near zero-energy Coulomb wave. At suffi-different orbit is indexed by a”‘fj the repetitions of ea(,:'h
ciently large distances from the nucleus the wave propagatéérf"t are labeled byn. The “recurrence amplitude,
semiclassically along classical trajectories with the waveCk(E), for thenth repetition of thekth closed orbit, contains
fronts perpendicular to those trajectories. Eventually, the tralnformation about the stability of the orbit, via the semiclas-
jectories and their associated waves are turned back by ttfécal amplitude, A}, its initial and final angles6f and
action of the external field. Some of the trajectories return tof", and the matrix element of the dipole operator between
the vicinity of the nucleus and the waves associated wittihe initial state and a zero-energy Coulomb wave: in atomic
them, which arecylindrically modified incoming Coulomb  units this is given by the formulas,

(E—E;)2 94732 sing¥sing’ ") Y2r s Y4604 v (0¥ ™AL (k#0)

c(®= (E— Ei)29/277r61/2y( 0;=0)Y*(0:=0)Ag (k=0).

)

The “recurrence phase,AL(E), depends on the action of the core-scattering process was first presented by Gao and
o . ] N Delos[24] and outlined in Sec. Il. We proceed by showing
the closed orbitS=n fkp'dq, together with an additional how the core-scattered waves can be included within the

phase that is computed from the Maslov Indef,, and closed-orbit formalism.

other geometrical considerations, In order to solve this problem we begin by noting that
there are three characteristic spatial regions as far as the dy-
T 3 namics of the excited electron is concerned;thee region
Sc— 501?_ e (k#0) the surroundingCoulomb regionwhere the dynamics of the
ANE)= €) excited electron is predominantly determined by the Cou-
n T o, T _ lomb force of the ionic core, and thauter regionwhere the
SS—sag— 5 (k=0). ! _ _ (
2 2 influence of the external field is at least as important as the
Coulomb force of the ionic core. Our approach is to solve the
A detailed derivation of Eqgs(2) and (3) for C} and A}, problem quantum mechanically in the core and Coulomb re-
respectively, is given in Ref$7] and[24]. gions, semiclassically in the Coulomb and outer regions, and
then to match these two solutions in the Coulomb region
lll. CORE SCATTERING AND CLOSED-ORBIT THEORY where both are valid.

It is now apparent that, in general, the core induces im-
portant dynamical effectsl1-15,21,26 and, therefore, it is
necessary to include the contribution of the core-scattered In both core and Coulomb regions we can neglect the
waves in any semiclassical approach. A physical picture oéxternal field. The core region extends only a few Bohr radii

A. Solution in the core and Coulomb regions
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around the atomic nucleus and contains the effect of the laséne trajectoryj, and the Maslov indexg;, which is an in-
excitation of the energetically low-lying initial-state wave teger equal to the number of caustics and fpaihere
function. Outside the core region is the surrounding Cou-,(t, ;) =0] encountered by the trajectory.

lomb region, which extends to a few hundred Bohr radii Cylindrical symmetry means that tirecomponent of an-
from the nucleus. There we may use quantum defect theorgular momentum, and hence the magnetic quantum number
[20] to obtain an expression for the wave function that ism, is conserved and so the azimuthal anglis an ignorable
valid throughout the Coulomb regidbut not the core The  coordinate; henceforth we neglect the dependence of the
general solution at=(r,9,¢) can be written as wave functions on this angle.

qf(r):q)o(r)Jrz /\/j[d/}“(r)Jm//](*)(r)], (4) C. Matching of solutions
' In order to determine the unknown coefficienés of Eq.
and consists of a linear superposition of incomigfy,, and (4) we match the asymptotic forms of the incoming and out-
outgoing waveswj(*) , which arise from the scattering of an going components of the wave function obtained for the core

electron that approaches the nucleus, from a source at infit‘?—nd Coulomb|c regions, E¢), to those (.)f the ser_mclassmal
ity, at an angled; to the z axis. Following Delos and co- wave function, Eq(5). We carry out this matching proce-

: : - dure on the sphere of radiug, which we assume to lie
workers[7,24], we consider only highly excited states whose " = '
energy is very close to the ionization threshold. Then, '[hé"”t.hln the Coulomb zone where both E(e}.).and Eq.(5) are
incoming and outgoing waves are cylindrically modified,Va“d. For laboratory strength fields, any distance between 30
zero-energy Coulomb waves with the phase sidtsantum to 100 Bohr radii is acceptable; Delos and co-worK&@r24]

defect$ that describe the core. The initial outgoing Wave'sugge_str0=50 Bohr radii. The cruc;ial poi.nt. is that the
®,, describes the interaction of the laser with the We"_matchlng should take place at a radius sufficiently large for

; : L the semiclassical approximation, E¢p), to be valid but
localized, energetically low-lying, initial state. ’ ’ i
9 y ying small enough for the effect of the external field to be ne-

glected so that the quantum defect solution, &4, still

holds. Of course, the final result for the photoabsorption
In the outer region, which typically lies beyond 30 Bohr cross section will be independent of the matching radius

radii from the nucleus, we can use semiclassical methods,.

[28] to write the wave function as a sum of contributions By matching the outgoing components of each of the

from classical trajectories provided we know the wave funcwave functions Eqgs.4) and (5 at the starting angles

tion on an initial surface. For the systems considered here}= 6! of each trajectory that returns to the surface atve

the Hamiltonian has cylindrical symmetry and hence thepbtain an expression for the outgoing wave funct'@rg),

B. Solution in the Coulomb and outer regions

three-dimensional wave function can be written as on the surface,,
Vel =3 WG 0 DA D) WL (r0, )= Po(ro,6)+ 3 Mk (ro0,6). @
k
Xexp{i(sj(r,ﬁ)—aj Z) gime. (5 Matching the incoming waves at the final anglés- 6} of
2 the returning trajectories gives

where ¥{") is an outgoing wave function known on the iy ar (=) j

initial surface ar =r, and atomic units have been used. The Wsdro, 0N =Njj (1o, 07)- ©
sum is taken over all trajectoriesj, which reach
r=(r,9¥,¢) having left the surface, at anglesd! to the z
axis. Core effects are negligible in this region and so thes
trajectories are hydrogenic. The amplitude of the semiclassi-

cal wave,A;, contains information about the stability of the Do(ro, 0+ 2 Nt (10,00 1A (1, 6))
trajectory,j, and, for#!+0,m, is given by K

On using the expressions far§™, Eq.(8), and ¥, Eq.
éS), we obtain the following equation for th&]’s:

o X expli(Sj—a;m2)} = Nig (1o, 0h). (10
(6)

1/2] .2

r2sing!
r2sind

J,(0,6)
Jo(t, 00

A 9) The result is a set of coupled linear equations for Aés;
) ) ) potentially, each orbit is coupled to every other by the scat-
where the two-dimensional Jacobian, tering process. In order to solve EGO) for the \j’s we use
the closed forms and partial wave expansions dog,
o(r, 9) 7 ¥, andy{”) as given by Delos and co-workeli®,24).

Jz(tﬁi):m,

can be calculated from the motion of neighboring trajecto- D. Outgoing Coulomb waves

ries. The required asymptotic form feb, is obtained by con-
The phase of the semiclassical wave consists of tweaidering the action of an outgoing zero-energy, Green'’s func-
terms: the classical actio§;=[p;-dg; accumulated along tion on the dipole operator and initial st 24],
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Do(rg,0))=—iml22%4 34l (Bro=3m4y ghy  (11) E. Incoming waves

The incoming wavesy! ), are cylindrically modified,

where the angular functions zero-energy Coulomb waves and, forr are given by[7]

W= (—D'e™ B Y (60 (12 o g ROF (B2}
|;m| gj (ro,05)=(—-1) 77\/8_rosin9"f (6;#0,m).
(15

depend on the action of the dipole operafbr,on the initial-
state wave functiong; , and on the quantum defecjs,, of
the ionic core. The coefficient®,,, are determined by the Form=0 it is also possible for incoming waves to approach
photoabsorption process: the nucleus along the field axis, that is the waves are associ-
ated with closed orbits for whicl#=0 or 6,=. In this
case, the closed-form expression for the incoming waves,

ff D(r')ei(r )RY™ X" )YE (8,0 )dr’, Y7, is[24]
(13

whereRX™{r) is a regular zero-energy radial wave function,
which, outside the ionic core, can be written as a linear com- 2 e
bination of Bessel functions with prefactors that depend on "b (ro,a )= (Tr ’_8r0> exp{—i(V8ro—m/4)}
the quantum defectyy, ,

12

(61=0,m). (16)
R0 cosmy, Jor+1(/8r) _sinma Yo+ 1(V/8r) - outco tered
\/a | \/a . . Qutgoing scattered waves
(14 As noted by Gao and Deld24] the scattered wave func-

_ _ tion, y4*), is composed of two parts,
For the hydrogenic case, tiBg,,,’'s can be evaluated analyti-

cally. However, for nonhydrogenic atoms, we know neither

the exact form of the initial wave function nor the regular P70 = Plou(1) + Plord 7). 17
zero-energy radial wave function inside the core region and

so theB,,,’'s are unknown. They are, however, constant and,

for the dipole transitions considered in Sec. VI below ( The core-scattered waveg’ ., describe the redistribution
transitions from ans statg, only one B, coefficient of amplitude from a trajectory approaching the nucleus along
(namely,Bp) is nonzero, leading only to a constant multi- trajectory, k, into trajectory,j, by the compact ionic core

plicative factor in the final spectra. and have the partial wave expansi@#]
VoordTor01)= ( ) ;\ (=D ™ (65,0 Yim( 6],0)€! (VB0 I T3 g2ima— 1), (18

The Coulomb scattered wave-,,, is strongly back- increase in the classical action of the orbit from the surface at
focused and, on the surface g, is simply related to the rg to the nucleus and back tg; the second term is naturally
incoming Wave,zp}_)(ro,e'f) of Eq. (15), by incorporated into the Maslov index and shows that this in-

creases by 2 at each return of the closed orbit to the nucleus.
_ _ _ _ Taking this into account, we see that the dependence of the
Phoul(T 0, 0D = (rg, 0 @B~ ™  (gl0,m), Nj’s on ¢k, can be eliminated from Eq(10) simply by
(29 including all repetitions of the closed orbits.

with a similar expression holding fo#!=0,7. Thus the
Coulomb scattered wave results in the semiclassical wave
retracing its path along the closed orbit, with a phase change On allowing for the effect ofy/! tou @nd substituting Egs.
of (2\/8r,— ), thus giving rise to repetitions of the orbit. (11), (15), and(18) into Eq.(10) we arrive at our final equa-
The first term of the phase difference corresponds to théion for the\Vj's:

G. Oscillator strength
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Nj:{p;wm; MBF"’(&D]E Aexpli(S] - o wl2= )}, 29
P n

where ¢;= /2 for 6!=0 or ¢!=7 and ¢;=3ml4 otherwise. For convenience, we have written the core-scattered contribu-
tions in the form

i27/4ﬂ-3’22| 5(O5P.0)Y (6,00 (€27 M —1)  (6]#0,m)
: I=|m
BiP(6]) = | | (21
2°2m 2 Y0570 Yio( 6].0) (271~ 1) (6]=0m),
|

while the initial outgoing contributions have been expressed

as V()= 2 (=1 ™BY(6,0). (26)
9/4__3/2 j j
_ 2%4m32)(6))  (6]#0,m) (22 Hence, the oscillatory part of the density of oscillator
o -i4me)  (61=0,m), strengths has the final simple expression

with )(6) given by Eq.(12) above. The semiclassical am- __ 2(E—E)) - aym i
plitude is now written as 1(E) r—— Z Nj(=1)™Bm* (6)).

(27)

(23) It is this expression, together with th&] coefficients ob-

tained by solving Eq(20), that is used in Sec. VI to compute
noen n i ) . the Fourier transforms of the density of oscillator strengths
where Aj, Sj, «j, and 6" are the amplitude, action, shown in the figures. For the photoabsorption frerstates
Maslov index, and final return angle, respectively, for theusingw polarization, only the final states with=0 and odd
nth return to the nucleus of thigh closed orbit and can be | gre excited and thg* (6) takes the form

calculated from the properties of the orbit on its first return

[29]. The contribution from the core-scattered waves also . 3

includes a sum over all repetitiong, It should be empha- YV (0)=—Bye' ™ 4—0039, (28
sized that all the quantities in ERO) no longer depend on .
the matching radiusy and can be evaluated using the hydro-
genic closed orbits starting and ending at the nucleos at
r=rg).

In order to solve Eq(20) for the \Vj's, we find it conve- IV. CONSTANT SCALED ENERGY SPECTRA
nient to use an iterative procedure, which is outlined in Sec.
V below. Once theV’s have been found we can then obtain m
the required absorption rate, the oscillatory part of which i

ro *singb"Al  (6l#0,m)
AN= _
Dol Ay (6]=0.m),

whereB, represents only a simple multiplicative factor.

In order to test the semiclassical theory outlined in Sec.
we have evaluated Eq24) to obtain semiclassical ap-
Sproximations for both diamagnetic and Stark photoabsorp-

simply tion spectra of nonhydrogenic atoms. The semiclassical ap-
2(E-E) proach only requires information about the classical orbits of

F(E)= L 2 le |5*(r)¢i*(r)[zp}+)(r) the cqrrespondlng_hyd_rogenlc system and so, in this section,

™ ] we give the Hamiltonians for both of these systems. We

(=) show how the Hamiltonians can be scaled to remove their
ey (n)]dr, (24) separate dependence on electron energy and field strength

) o . and how to modify the closed-orbit expressions to account
whereE; is the energy of the initial stat¢;. The integral  for the scaling.

can be readily evaluated by expressing the wave functions in
terms of zero-energy Coulomb functions. For nonhydrogenic

atoms this is given by Eq7.7) of Ref. [24], A. Hamiltonians and scaled variables

The dynamics of a highly excited hydrogen atdim a

ol 2 . (+) ) state withm=0) in a static external field aligned along the
(1) f D*(r) i (N[ '(r)+4; (r)]dr z axis is described by a single-particle, nonrelativistic Hamil-
. tonian which, in atomic units and cylindrical coordinates
=2\27*(6)), (25  (p.¢.2) s
where Y* (6) is the “unexpected conjugatel24] of )(6), _ 1 2, 42y 1
Eq (12)’ H 2(pp+p2) (p2_’_—22)l/2+HeXt! (29)
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whereH o= $¥2p? (Hex=zF) is the Hamiltonian of the ex- system using Einstein-Brillouin-Kelle(EBK) quantization
ternal magneticelectrig field of strengthy (F) measured in  rules; for states well below the Stark barries<€—2.0),

atomic units. these are
The classical motion of Hamiltoniaf29) exhibits an im-

portant scaling property. If we transform variables according 1 1)
fo 5= P pudu=|n,+5|F Y4 n,=01,... (35
r=wr, p=w "%, T=w, (30 1 1
o % p,dv= n,+5 F~Y n,=01,.... (36
where the scaling parameter= y? (w=F1?) for the mag- m

netic (electrig field, then the classical motion is governed by

the scaledHamiltonian The connection between EBK quantization of the electric

field problem and closed-orbit theory has been investigated
by Gao and Delo$30].

~ 1 _, _, 1 ~
H=5(p,+P,)— =5 =555 T Hexm &, (31
2 Fp ( 2473 2)1/2 ) )
P B. Closed-orbit formula for fixed scaled energy spectra
which is simply the original Hamiltonian of E¢29) multi- Certain modifications have to be made to the closed-orbit

plied byw 1. The(scaled Hamiltonian of the external mag- formula given in Sec. Ill before it can be used to .obtain
netic (electrig field, ﬁext: 52 (“H‘ext:'g), does not depend constant scalgd energy spectra. Here, we foIIO\_/v I\@ml. _
on the strength of the field. Consequently, all properties of31] and consider a reduced absorption rate which is defined
the classical system no longer depend on the enErgynd @S
field strength separately but only on a single parameter, the F(i o €)
scalgd e_nerg,ywhlch fgr the magrletu(electrlc) field prob- R(fief,€) = —1/% (37)
lem is given bye=Ey~?® (e=EF 1), heif(E—Ej)

In order to solve numerically the equations of motion gen-
erated by Hamiltoniai3l) it is convenient to make a regu- Wherefig=y' (figg=F"%) ande=Ey ?® (e=EF "9 is
larizing transformation that removes the Coulomb singularthe scaled energy for the magnetétectrio field case. As in
ity. For the case considered here, where-0, this can be Sec. lll, the oscillatory part of (%, €) can be expressed in

achieved by transforming to semi-parabolic coordinatesterms of the coefficientd/;; see Eq(27). The advantage of
(u,v), where the reduced absorption rate is that the amplitude of the con-

tributions of the(not core-scattergatlosed orbits is indepen-
ul=T+7Z, v?=T-7Z with T=(p2+Z»)Y? (320 dent offigy.
On substituting the scaled variables, Eg§0), into Eg.
and with conjugate momentg,=du/dr, p,=dv/dr, de-  (20) for the \j's we obtain the following expression:
fined with respect to a rescaled time, given by

dr 1 1 No=1Dy(0)+ > MBEPo) | > rlP AN, (38)
— = — = (33) k,p n
dt  2r(t) (u*+v?)"

where y;=2 for 9/=0 or §/=7 and ;=1 otherwise. The

On transforming to semiparabolic coordinates  our flnalphase of the semiclassical wave function has been written as

Hamiltonian becomes

n
2T 4T

H=3(pi+pd)—e(UP+0v2)+ He—2=0, (34 Af=7—S'————¢;, (39
eff
where for the diamagnetic (Stark problem Hgy . L '
=2U202(U2+ 0?) [Ho=3(U*—0?)]. where thescaledaction for an orbitj, is defined as
The scaling transformation, Eq¢30), has an important 1 5
consequence for the quantum system. Solving the "Schro = 3§5,da:_‘*ﬁ3_ (40)
dinger equation corresponding to Hamiltoniéd1) at fixed 2w Ji 2m ™)

scaled energy leads to a set of eigenvalive$ correspond-
ing to a set of energieE; =sw;}. Thus, the field strength is  The factor of# )/ in Eq. (38) arises from the effect of the
not entirely eliminated from the quantum problem: e&th ~ scaling transformation on the semiclassical amplitudg,
corresponds to a different value of an effective Planck’s conyhich for 610 7. can now be written k7]
stant which, for the magneti¢electrig field problem, is ' I
he= 7" (hew=FY%. However, all of the eigenvalues now o ol
correspond to aingleclassical regime and the semiclassical Aj"= |Singifv“sing{|1/2|21/2c05_'c05_fm12|*1/2, (41)
limit, .4— 0, can be studied by decreasing the field strength 22
while keepinge constant. . .

It should be noted that, in contrast to the diamagnetic@"d, forg/=0 or g/=, as
problem, the Stark Hamiltonia34) is separable and the N Yo -1
motion is therefore integrable. Thus, we can quantize this A =2V my Y, (42)
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Quantum 1 3
(a) Hydrogen

(b) Non-hydrogenic

Semiclassical

(c) Standard closed
orbit theory

— | ——

[Fourier Transforml| (arbitrary units)

(d) + core-scattering
T T T

0 1 2 3 4 5 6
Scaled action

FIG. 1. Fourier transforms of the photoexcitation spe@fimam the ground stajeof Rydberg atoms in a magnetic field at constant scaled
energys=—0.3 (m=0, odd parity statesy”*® in the range 60—120(a) Quantum result for hydrogen. The peaks appear at the actions of
the closed orbitgsee Table | for list Also visible are ghost peaksnarkedG). (b) Quantum results for a nonhydrogenic atom with
n1=0.5; core-scattered peaks appear at the sum of actions of periodic @rbBsandard semiclassical calculation for the hydrogen atom,
in good agreement witlia), but not with (b). (d) Our semiclassical calculation, which goes beyond the standard closed-orbit theory by
including core-scattering effects and successfully reproduces the quantum nonhydrogenic spectrum.

wheremy, is an element of the 2 2 stability matrix for the
nth return to the nucleus of thgh closed orbit, evaluated leop):/\/lfop 1’+ﬁf§f”+ +V°)/2; ; ka
using semiparabolic coordinates, Eg2) [29]. P 0
X AT, ATk L BRI +A0) (4
V. ITERATIVE SOLUTION oo TR T T

In order to obtain a semiclassical approximation to theThus thepth correction term combineg+1 primitive ac-
scaled energy photoabsorption spectrum, we need to solfns resulting fromp encounters with the core. The correc-
Eq. (38) for the \i's; for convenience, we rewrite E@8)in  tion due to thepth iteration isO(%2?). Hence, for small

the form hei, convergence is assured with successive iterations.
Equation (46) shows that the modulations of the photoab-
j\/j:['D].+z /\/kB:.‘]ﬁE#ZA?eiA?, (43) sorption probability induced by the core scattering are at
k least a factor of/7.4 smaller than the modulations induced
o ) - by the hydrogenic closed orbits. Hence, far in the semiclas-
where an implicit summation over repetitionsof all closed  sjcal fimit, the contribution of an individual core-scattered
orbits j has been assumed. In order to proceed, we set thgosed orbit should vanish. However, when going to longer
Ni's on the left-hand side of Eq43) to zero and obtain a angd Jonger actions, the core-scattered orbits proliferate expo-

zeroth-order approximation to the solution, namely, nentially and may give contributions to the photoabsorption
o cross section.
M(C;):ﬁ;%"zpko AEge'Akg, (44) The same approach can be used at values where the

hydrogenic classical motion is regular. In this case, the core
scattering is seen to be the same mechanism as the “torus-

where again an implicit summation over repetitions of the . ; : .
g b b hopping” observed in model potential calculatigri$,22,.

orbits, which we have indexed Hy,, is assumed. For the
first return to the nucleusm)o=1, Eq. (44) is precisely the
standard closed-orbit result obtained by Gao and Digddb VI. RESULTS
To obtain the next approximation we substitute this expres- . .
sion for V{2 into the right-hand side of Eq43) giving A. Diamagnetic recurrence spectra
We have used our semiclassical method, which combines
. g ng closed-orbit theory with core scattering to calculate recur-
-/Vf(%,):/\/f(?“%gﬁﬁ 0)/2; DklAEi.AE:))BE;eI(AkI+Ak0), rence spectra for diamagnetic nonhydrogenic Rydberg at-
! (45) oms. In Figs. 1a)—1(d) we compare the results fan=0,
oddd, andy~Y*=60-120 in a magnetic field with constant

where now we have an implicit summation over repetitionsscaled energy=—0.3. The photoabsorption spectrum is

n, as well as,. We see that the expression Wlfl) brings calculated from an_initiais state us_ingvr polarization. Both _
° the “quantum” (using the numerical method described in

. . . . . n n

in combinations of two hydrogenic aCt'OnﬁkﬁAkg- Con-  Ref. [12]) and the “semiclassical”(using the method de-
tinuing in this way, we arrive th@th order of the approxi- scribed in the previous sectionspectra are computed and
mation: further Fourier transformed with respect 40 *® to obtain
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TABLE I. Correspondence between the integers labeling the
peaks in Fig. 1 and the periodic orbits described following the no-

=1
menclature of3]. (@) p

1 2 3 4 5 6 7

vi A R} V3 % Vs R} l/\ /\

recurrence spectra. Note that, contrary to R&L], we plot
the modulus of the Fourier transform, not the modulus (b) p=2
squared.

Figure Xa) shows the Fourier transformedecurrencg
spectrum of hydrogen. Figurdgk)) shows the quantum spec-
trum for an atom withu; = 0.5 (comparable to Cs, which has
m1=0.57 andu,~3 negligible). Figure 1c) shows the stan-
dard closed-orbit result witlk,=0.5 while Fig. 1d) shows
the current version with the same quantum defect. One can
see that, even for quite small values fofy (N=77-154,
there is a substantial difference between hydrogen and the
core-scattered case. Each peak in the Fourier transform is
associated with a closed orbit. It appears at the scaled action

S; of the orbit with an amplitude proportional t#;. The
core-scattered contributiorier “combination recurrences’
are the peaks located at the sugas- S,. Further we can see @ p=4
that the standard closed-orbit result reproduces only the hy-
drogen results, while the current version with core scattering
gives excellent agreement with the fully quantal nonhydro-
genic case.

The integers in Fig. (B) indicate primary orbits. Table |
gives the correspondence between these integers and the pe-
riodic orbits, following the convention of Reff3]. The pairs
of integers in Fig. b) indicate combinations of orbits: the Scaled Action
core-scattered peaks. A few peaks present in R@. (Indi-
cated with aG) are not found even in the new semiclassical FIG. 2. Fourier transforms of the photoexcitation spectrum
results. They correspond to ghost pef&3], in other words,  (from the ground stajefor a nonhydrogenic atom wita;=0.5 in a
orbits that appear in the quantum spectrum below the energyagnetic field at constant scaled energy —0.3 (m=0, odd-
of the bifurcation at which they are born. The triple integersparity statesy ™ *2i

©p=3

[Fourier Transforml (arbitrary units)

54 56 58 60

in the range 60—12Calculated with our closed-
indicate a peak due to double scattering: an action correorbit plus core-scattering approach. The figures show the evolution
sponding to a combination of three orbits. of the spectrum with increasing number of iteratiof@.One itera-

The Fourier transforms converged after two iterations tion (hydrogenic—no core scatteringb) two iterations giving rise
that is Eq.(46) was solved up tg= 2, indicating that scat- t© core-scatter(_ad _peaks;) three iterations givin_g a c_iouble core-
tering beyond double scattering is unimportant. In Fig. 2 wescattered peakindicated by the arroyy (d) four iterations—iittle
have compared our results for one iteration in Fig) Zi.e.,  different from(c) showing that the sum has converged.

the hydrogenic cagetwo iterations in Fig. &) (single scat- . .
tering, and three and four iterations in FiggcRand 2d) ~ Crepancy INCreases f_or largleg . Neve_rtheles_s t_he sem|clas_-
corresponding to double and triple scattering. It may be seeﬁ'cal results agree with the quantum in predicting a reduction
_ : o . ) i
that most new features are accounted for by single scatterlngf about 30% in amplitude of this peak due to the back
cattered shadow of the core. Very strong reductions in am-

except for the small peak, indicated with an arrow in Fig.> ) ) :
2(c), which corresponds to a combination of three periodicPlitudes of higher harmonics were seerj 1], which looked
t very low-lying levels =10-30 where comparison with

orbits. No significant differences are discerned between Fig? lassical Its i Ul
2(c) and Fig. Zd) indicating that for this range of semiclassical results is more difficult.

her= 7" the results are converged for powers equal to or
higher thanﬁzff B. Stark recurrence spectra
ey

The major disagreement between the semiclassical and We have also used our semiclassical method to calculate
quantum results is in the peak for the third harmonic ofrecurrence spectra for nonhydrogenic atoms in static electric
Vi. However, there is already a comparatively similar dis-fields. In Figs. 8a)—3(d) we compare results for lithium at
crepancy for this peak between Figgajland 1c), the hy- &= —3.0 with m=0 andF ~**=150-230 using photoexci-
drogenic case. Such discrepancies occur when the semiclagtion from an initials state andr polarization. Figure &)
sical amplitude is near a singularity, for example, when ashows the quantum spectrum for hydrogen. The spectrum is
winding number is nearly rational. In that case the semiclasdominated by the two straight-line orbits parallel to the elec-
sical result overestimates the quantum amplitude—the digic field—one that runs towards the anode, the other towards
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2 | Quantum
é (a) Hydrogen
g" l"rr“'::"h.‘,‘ l.vnw..l‘.l.ll» lnlhllll!l.l AAJJJll“lll!ﬂjjl]
g T T T Al T ITTVITYT"UTIT['ITTYY”HV]N‘”IYTTYW]
5
~ (b) Lithium
E Selmicllassi‘cal L - l -
qg {¢c) Hydrogen
E l#::::“:rlll‘]¢ "#,‘441‘1‘]"' A.hhh“mll..lAJJJI“ILL].H 1)
.g ] I T ”T‘(IIYTW!”HYl‘]’TT'ﬂﬂYlVl]VI‘(”I[T“TVﬂ
LLO" (d)'LiLhiu'm . | , ‘ . ,TTI . TTT

1

0.0 50 100 50 200

Scaled Action

FIG. 3. Fourier transforms of the photoexcitation spe¢fram the ground stajeof Rydberg atoms in a static electric field at constant
scaled energy = —3.0 (m=0 with F~**in the range 150 —230(a) Quantum result for hydrogen. The spectrum is dominated by the two
straight-line orbits parallel to the electric field—one which runs towards the anode, the other towards the cathode—and their Haymonics.
Quantum result for lithium £,= 0.4, u,;=,=0). For this system, and at this resolution, the core-scattered peaks are less easily identfied. The
major difference between the lithium and hydrogenic spectra is in the heights of the peaks. At higher scaled actions, some slight shift in the
positions of the peaks can also be discerriedStandard semiclassical calculation for the hydrogen atom, in good agreemert@wiitt
not with (b). The main discrepancies in the heights of the peaks, for examp®s &t0 and its harmonic &= 11.8, which are indicated
with arrows, are due to classical resonan¢dsOur semiclassical calculation for lithium. The positions of some of the core-scattered peaks

close toS=10 andS= 14 are indicated by arrows. The overall agreement \ijhis very good.

the cathode—and their _ha_rmonics. Figuréb)Sshows the in the heights of some of the peaks, for exampleSat5.9
quantum spectrum for lithium o=0.4, while the other anq its harmonic &= 11.8(indicated by arrows with those
quantum defects are much smallefor this system, and at gptained from the semiclassical calculation being larger than
this resolution, the core-scattered peaks are less easily idefhgse of the guantum. Again, these are due to resonances in
tified. The major difference between the lithilfig. Ab)]  the classical hydrogenic motion which lead to singularities in
and hydrogenic spectririg. 3@)] is in the heights of the  the semiclassical amplitude and can also be seen by compar-
p_e_aks. At higher scaled actions, some sllghF shift in the POing the quantum and semiclassical hydrogenic spdEigs.
sitions of the peaks can also be discerned. Figu®.shows  3(5) and 3c)]. These resonances reduce agreement between
the results of using the standard closed-orbit formula withhe gquantum and semiclassical calculations for lithium as
mo=0.4 while Fig. 3d) shows those obtained with the semi- amplitudes that are too large are appearing in the core scat-
classical version. In this case, four iterations were required t@ering process and leading to overestimates of the amplitudes
produce converged results. As with the diamagnetic case, Wef the core-scattered peaks. However, for higher levels, these
see that the standard closed-orbit result reproduces only thﬁscrepancies become less pronounced as the quantum ap-
hydrogenic spectrum while the current version with coreproaches the semiclassical limit. We have found that where
scattering is in excellent agreement with the fully quantalihe hydrogenic amplitudes are well described the corre-
lithium spectrum; a few of the core-scattered peaks neagponding core-scattered peaks are in excellent agreement
S=10 and 14 have been indicated by arrows in Fi@).3 with the quantum results.

The main disagreements between Fifd)3and Fig. 3b) lie In Fig. 4 we compare the Fourier transforms of the Stark

Quantum
(a) Hydrogen ‘
I

[ ..Ilt

e HH [-7 1L'p'1'-|-‘-
FIG. 4. As for Fig. 3 but withF~** in the
(®) Lithium range 300—460. For these very high levels, agree-

[Fourier Transforml (arbitrary units)

Semiclassical '4/' l ment between quantum and semiclassical calcu-
() Hydrogen lations is very good. Discrepancies between the
L [ i .“ [ ‘I h ||.l. co Ly quantum and semiclassical results due to classical
prEEmm I o T‘“"”TT”T , r ”T REARA RS AINIIGLRL resonances are less pronounced than in Fig. 3.
ouwen |1 'T]T o .TIT, -

0.0 5.0 10.0 15.0 20.0

Scaled Action
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Quantum
(a) Hydrogen
} <U FIG. 5. Magnification of the Stark spectra as
il for Fig. 3 but forS<3 andF~** in the range
40-240, showing the small core-scattered peaks,
(b) Lithium
- 20 3

peaks corresponding to repetitions of the two par-
(c) Hydrogen allel orbits. The additional peaks visible in the

(‘ visible at this high resolution, which lie between
Semiclast al

[Fourier Transforml (arbitrary units)

L JUL ) lithium spectrum are produced by a core-
WV ] scattering process between the two parallel orbits.
Again, the core-scattered peaks are well repro-
(d) Lithium duced by our semiclassical calculation.
0.0 1.0 0

Scaled Action

spectrum of lithium and hydrogen at=—3.0, m=0, as in
Fig. 3, but this time for the range~'/*=300-460. For these
high levels, agreement between the quantum and semiclas
cal spectra is very good for both hydrogen and lithium. In
particular, we see that the discrepancies in the heights of t
peaks between the hydrogenic quantum and semiclassic
calculationg[Figs. 4a) and 4c), respectively are less pro-
nounced than in Fig. 3. For example, the large peaks at a ; :
tions S=5.9 and its harmonic &= 11.8(again indicated by ues Offiey, the discrepancy is small. B - .
arrows are in much closer agreement for the 300-460 range, Hence we find that the seemingly “chaotic™ behavior of

As a result of this better agreement, there is improved agre Core-scattering systems may be quantitatively accounted for

ment between the quantum and semiclassical spectra Yy a simple anglyt'ical expres;ion in terms of a contribution
lithium (Figs. 4b) and 4d), respectively, especially at rom a few periodic orbitgwhich are stable at low scaled

higher scaled actions. The comparison between Figs. 3 ande‘pergy and th_e appropriate quantum defe.CtS‘ This makes the
also shows that the amplitudes of the core-scattered pea proach a simple and computationally inexpensive proce-

decrease with a higher power % than the amplitudes of ure for gnalyzing experimentql atomic spectra. A fully
the normal(unscatteredpeaks, in agreement with the theo- sem|class.|cal procgdur[@?] requires about 2500 orbits to
retical prediction, Eq.(46) Fér example, the three core- analr?/ze diamagnetic spect(rwhlc: rr;lust be redcalculated ford
' T~ D . each atory in comparison with the procedure presente
scattered peaks around actiSs 10, which exist only in the m ompariso b i

o S here, which requires only about 30 hydrogenic orbits.
lithium spectra(they are indicated by arrowsnd the three Neverthelesg the exte3|{1t to which tr{e d)?namics of the Ry-

core-scattered peaks around acti§14 are relatively gperg atoms in fields is accounted for by the fully chaotic
smaller in Fig. 4 than in Fig. 3. model-potential dynamics, rather than being an instance of
As mentioned above, the core-scattered peaks are legfffractive scattering, and hence a breakdown of standard
easily identified in the Stark spectrum of lithium. However, yerigdic orbit theory, is an interesting one. In the future we
in Fig. 5 we show a magpnification of the recurrence spectrunyij| present a detailed comparison between the two methods.
in the rangeF ~ /= 40-240 forS<3. At this magnification However, we have already found that agreement with
it is possible to see the small core-scattered peaks that ligiodel potential results is more qualitative, deteriorating rap-
between the peaks corresponding to repetitions of the twgjly for small quantum defects. Further we find that for the
parallel orbits. These additional peaks visible in the lithiumcase of a helium model potential a deflection through an
spectrum, Fig. &), are produced by the core-scattering pro-angle of 180 degregsnd hence scattering between the orbit
cess between the two parallel orbits. Again, these coreparallel and that antiparallel to the electric field not pos-
scattered peaks are well reproduced by our semiclassical caliple. Hence these contributions are absent in model-

responding to orbits in the vicinity of bifurcations, including
gbosts; in this work we have not employed the normal form
approach to correct the semiclassical amplitude in the vicin-
i@/ of the bifurcations. However, we have found that if the
ydrogenic amplitudes are reduced by the appropriate
amount near a divergence, any remaining discrepancy in the
core-scattered peaks is removed. In any case, for small val-

culation, Fig. %d). potential Stark spectra but are present in quantum Stark spec-
tra. The recurrence spectrum for the helium atom in an
VII. DISCUSSION AND CONCLUSIONS electric field—similar to the one plotted in Fig. 5—uwill dis-

play core-scattered peaks for the “exact” spectrum, but not
We have demonstrated that core-scattered modulations fé@r a model-potential calculation. We will also wish to con-
atomic diamagnetic as well as Stark spectra obtained frorsider the density of states, rather than simply the photoab-
accurate fully quantal calculations are reproduced with ssorption spectra. In that case, the procedure of employing
model employing only a few hydrogenic periodic orbits in anLiapunov exponents calculated by “switching off” the core
expansion including higher-order terms in Planck’s constantpotential at the start and final return of each orbit to the core
The agreement between this computationally very simplegegion would not seem justifiable.
model and the large accurate quantal calculations is in fact The de Broglie wavelength of the electron approaching
excellent, with significant disagreement only at actions corthe core is of the order of one atomic unit, of the same order
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as the ionic core. Hence we conclude that to ensure quanti-aboratoire Kastler-Brossel is unissocie 18 au CNRS,
tative results the inclusion of diffractive effects is essential.and unitede recherche de I'Ecole Normale Suere et de
I'Universite Pierre et Marie Curie, assoei@u CNRS. CPU
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